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Tempus item per se non est, sed rebus ab ipsis
consequitur sensus, transactum quid sit in aevo,
tum quae res instet, quid porro deinde sequatur;

nec per se quemquam tempus sentire fatendumst
semotum ab rerum motu placidaque quiete.

Titus Lucretius Carus, [7]

Temporis filia veritas; cui me obstetricari non pudet.

Johannes Kepler, [17]
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Preface

Quantum dynamics is a vast and compelling subject with many mathemat-
ical and physical intricacies still awaiting for a thorough explanation. In
this work we will study a generalization of a quantum mechanical system
commonly known as Friedrichs-Lee model, frequently encountered in high-
energy and atomic physics, which furnishes a description of a two-level sys-
tem coupled with a structured bosonic bath; its dynamical features will be
examined in some significant cases, showing that our model can exhibit both
decaying and recurrent dynamics depending on the structure of the bath.

This dissertation is organized as follows: starting from a general discus-
sion about the temporal behavior of quantum mechanical systems, with par-
ticular emphasis to the insurgence (or lack thereof) of exponential decay in
quantum models, we will introduce the Friedrichs-Lee Hamiltonian and, af-
ter a detailed mathematical analysis of its features, we will be able to describe
its temporal evolution and will analyze it in the light of the general discus-
sion furnished in the introductory chapter. In more detail:

• In Chapter 1 preliminary notions on quantum decay will be furnished;
the survival probability of a pure state of a quantum Hamiltonian sys-
tem will be defined. After briefly discussing the insurgence of devia-
tions from the exponential (Markovian) decay law, an useful formula
for evaluating the survival probability through integrations in the com-
plex plane, involving the resolvent of the system, will be derived.

• In Chapter 2 the Lee model will be introduced in a rigorous quantum
field theoretical framework; the Friedrichs-Lee model is then obtained
as its restriction to the single-excitation sector of the underlying Fock
space. The measure on the bath frequencies will be kept undefined.

• In Chapter 3 the Friedrichs-Lee model will be extensively studied and
its resolvent will be computed; we will show that its dynamical features
depend entirely on a complex function named self-energy. We will also
prove that, if certain conditions are fulfilled, a generic Hamiltonian sys-
tem may be mapped to a Friedrichs-Lee model.

• In Chapter 4 we will address the problem of the singular coupling limit
of the Friedrichs-Lee model, a mathematical technique that allows to
rigorously extend the formalism to a larger class of physical systems.

• In Chapter 5, some practical examples of both regularly and singularly
coupled Friedrichs-Lee Hamiltonians will be studied. In particular, we
will successfully obtain an exact exponential (Markovian) decay for the
singular model with continuous measure; we will also observe that, by
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discretization of the measure, recurrence effects come back in an inter-
esting way, which we will refer to as hidden non-Markovianity.

Throughout this work we sought to attain mathematical rigor without sacri-
ficing physical clarity. Prerequisites for reading include a basic knowledge of
the mathematical setup and basic principles of quantum mechanics (gener-
alities about infinite-dimensional Hilbert spaces and unbounded self-adjoint
operators) and the standard techniques of complex analysis (holomorphic
functions, residue theorem); to guarantee self-consistence, other preliminary
mathematical notions are explicitly furnished either in the body text, if strictly
necessary, or in the appendices.



Chapter 1

Unstable systems and quantum
decay

In this introductory chapter we provide a brief résumé of the dynamical char-
acteristics of a quantum mechanical system, focusing on the evolution of the
survival probability of an unbound pure state whose spectral measure is con-
tinuous: such states undergo decay and, under certain conditions, deviations
from the exponential law are to be expected at both short and large times. Af-
terwards we show a practical way to compute survival probabilities through
an integration in the complex plane: this requires the introduction of the re-
solvent operator.

1.1 Decay phenomena in quantum mechanics

The implementation of exponential decay in a quantum mechanical frame-
work is a largely nontrivial subject, which will serve as a starting point for
a wider discussion concerning the characterization of the decay (or, in fact,
lack thereof) of quantum systems.

1.1.1 Heuristic derivation of a Markovian decay

Decay phenomena are often observed in many branches of science; basically,
the population N(t) of an assembly interacting with an environment under-
goes a decrement and eventually vanishes in the limit t → ∞. A paradig-
matic example is radioactivity: chemical elements with excess nuclear energy
(radionuclides) are unstable and tend naturally to transmute into lighter el-
ements; the converse process is energetically prohibited and therefore is not
observed. Experimental observations show that, to a highly satisfactory de-
gree of precision, the radioactive population N(t) decreases exponentially:1

fixing t0 = 0 as the initial time of observation,

N(t) = N0 e
−γt, (1.1)

where N0 = N(0) and γ is a positive constant (decay rate); its inverse τ = 1/γ
is called mean lifetime and corresponds to the time at which the population of

1Here we are obviously supposing that N(t) assumes values so large that its discrete
nature can be ignored without any appreciable error.



Chapter 1. Unstable systems and quantum decay 2

the sample is reduced by a factor 1/e. The ratio P (t) = N(t)/N0 yields the
fraction of atoms that have not undergone any decay and will be referred to
as survival probability. In particular, at small times the decay is linear:

N(t) = N0(1− γt) +O(t2). (1.2)

At a theoretical level the exponential law can be heuristically obtained in
a straightforward way: just search for a differentiable function N(t) whose
derivative is proportional to N(t) times a negative constant −γ:

N ′(t) = −γN(t) (1.3)

and solve eq. (1.3) for N(t) with the initial condition N(0) = N0. This hy-
pothesis is justified by a simple argument: the number of atoms that decay
in a small time interval ∆t is assumed to be proportional to the total num-
ber of atoms and to ∆t itself, and therefore, neglecting terms of higher order,
∆N(t) = −γN(t)∆t; in the ∆t → 0 limit, eq. (1.3) is recovered.2 We re-
mark that, in many cases, the radionuclides can decay through more than
one physical process (channels); if we suppose that the channels are mutually
independent, eq. (1.3) continues to hold under the same hypotheses provided
that γ =

∑
i γi, where γi is the decay rate of the ith process. Finally, this for-

malism is far from being restricted to radionuclides: for instance, it may be
applied to model the behavior of an assembly of excited atoms.

Now, despite its mathematical simplicity, eq. (1.3) conceals a delicate hy-
pothesis of Markovianity. For our purposes, it will suffice to define Marko-
vianity as the invariance of physical processes under time translations: this
implies the absence of any memory effect. In our case, at every time t the de-
cay probability of a fixed atom in a small interval [t, t+∆t] is the same; equiv-
alently, the exponential behavior of the survival probability P (t) ensures that
the semigroup property P (t′ + t) = P (t′)P (t) holds for every t, t′ > 0. Prac-
tically speaking, the Markovian property boils down to a matter of scales:
memory effects must vanish reasonably quickly with respect to the typical
time scale of our experimental apparatus.

However, at a more fundamental level, the underlying description of ra-
dioactive specimens or excited atoms is quantum mechanical, and the coef-
ficient γ must be given a physical interpretation. A fundamental question
arises: can an exponential decay be obtained from first principles, that is, from
quantum mechanics? As it will turn out, this is a highly nontrivial and de-
bated topic.

2On a refined mathematical level, we can interpret N(t) as a stochastic process, that is,
an uncountable family of random variables in a suitable sample space; in this framework,
eq. (1.3) is a stochastic differential equation in the Itō sense. In the general case, this dis-
tinction is more than a technicality: the rules of Itō stochastic calculus differ from ordinary
ones. However, in this simple case the solution of eq. (1.3) is still eq. (1.1), interpreted as a
stochastic process. For this reason, in the following we will not deepen this point; we refer
to the vast literature about stochastic processes, e.g. [8].
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In the following we switch to the study of a generic quantum Hamilto-
nian system and determine the conditions under which a quantum state un-
dergoes a decay. Introductions to this subject may be found e.g. in [11, 12,
23].

1.1.2 Quantum dynamics and exponential decay

The standard framework of quantum mechanics is a complex and separable
Hilbert space H, whose rays are uniquely associated with the physical pure
states3 of the system we are describing. A ray is an equivalence class of vec-
tors ψ ∈ H with respect to the equivalence relation:

ψ, φ ∈ H \ {0}, ψ ∼ φ :⇐⇒ ∃α ∈ C, α 6= 0 : ψ = αφ; (1.4)

the representative of a ray is customarily chosen with unit norm. Each ob-
servable of the quantum system is uniquely associated with a self-adjoint
operator A; in particular, the self-adjoint operator H associated with the total
energy of the system is called the Hamiltonian of the system. The outcome of a
measurement of A is intrinsically probabilistic and the associated probability
distribution is the spectral measure µψ,A, defined as follows:

µψ,A : B ∈ B(R)→ µψ,A(B) = 〈ψ|PA(B)ψ〉 , (1.5)

where B(R) is the Borel σ-algebra and PA is the PVM uniquely associated
with A.4 Notice that, since µψ,A is supported on σ(A), the spectrum of A is the
set of all possible outcomes of the experiment.

As for dynamics, the evolution of a state ψ after a time t is given by a
strongly continuous, unitary evolution group {UH(t)}t∈R, defined as follows:5

UH(t) = e−itH =

∫
R
e−iωt dPH(ω), (1.6)

where the initial time t0 has been fixed to 0, and PH is the projection-valued
measure associated with the Hamiltonian H; see Theorem A.8. Since UH(t) is
unitary, UH(−t) = UH(t)∗, and therefore it suffices to study the dynamics of
the system for t ≥ 0. When studying UH(t), fixing ψ ∈ H one often introduces
the survival probability amplitude of ψ as

Γψ,H(t) = 〈ψ|UH(t)ψ〉 =

∫
R
e−iωt dµψ,H(ω), (1.7)

3In a more thoroughly analysis of the subject (see e.g. [4]) one introduces the notion of
state as a positive trace-class operator ρ, normalized with unit trace, on H; such operators
form a convex set whose extremal elements are, for Gleason’s theorem, states of the form
ρψ = 〈ψ|·〉ψ, where ψ ∈ H with unit norm; they are called pure states. In the following we
will always assume that our system is prepared in a pure state.

4Refer to the first part of Appendix A for details about spectrum, PVMs and spectral mea-
sures. Intuitively, the spectrum is the generalization of the set of eigenvalues of an operator
in a finite-dimensional Hilbert space, and the spectral representation through its PVM is the
infinite-dimensional generalization of its diagonal form.

5We are using natural units with ~ = 1.
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and the survival probability6 as Pψ,H(t) = |Γψ,H(t)|2. An interesting link be-
tween dynamical and spectral properties can be found:

Proposition 1.1. Let ψ ∈ H, and let 〈Pψ,H〉 (t) the time average of the survival
probability:

〈Pψ,H〉 (t) =
1

t

∫ t

0

Pψ,H(t′) dt′; (1.8)

then 〈Pψ,H〉 (t) → 0 as t → ∞ iff µψ,H is a continuous measure.7 Besides, if µψ,H is
an absolutely continuous measure, then Pψ,H(t)→ 0, as t→∞.

Proof. See e.g. [25].

Let us interpret this result. If we define quantum decay of a state ψ as the
vanishing of the survival probability Pψ,H(t) in the limit t → ∞, a sufficient
condition for quantum decay is the absolute continuity µψ,H; singular con-
tinuity of µψ,H may or may not be associated with quantum decay; in the
latter case we may speak of weak quantum decay, since the time average of the
survival probability does vanish.

In the absolutely continuous case, there exists a positive integrable func-
tion fψ,H, in this context often referred to as spectral density, such that dµψ,H(ω) =
fψ,H(ω) dω. In this case

Γψ,H(t) =

∫
R
e−iωtfψ,H(ω) dω, (1.9)

that is, the survival amplitude is the Fourier transform of the spectral density.
This discussion ensures that, if a spectral density exists, Pψ,H(t)→ 0; how-

ever, nothing is said about the details of its evolution. One would like to re-
cover, under suitable hypotheses, the exponential Markovian decay heuris-
tically obtained at the beginning of the chapter; that is, given a state ψ with
absolutely continuous measure, the Markovian property

Pψ,H(t+ t′) = Pψ,H(t)Pψ,H(t′) (1.10)

should hold. However, this is generally not the case: regeneration effects [11]
occur, thus preventing an exponential decay in the general case.

Proposition 1.2. Let ψ ∈ H and Q = I − 〈ψ|·〉ψ. Then, ∀t, t′ ∈ R, the survival
probability amplitude satisfies the following equation

Γψ,H(t+ t′) = Γψ,H(t)Γψ,H(t′) +Rψ,H(t, t′), (1.11)

6As pointed out by Peres [27], in this context such a nomenclature is misleading, since it
suggests an irreversible monotone decrease whilst, in fact, this is not true in the most general
case.

7Recall that a Borel measure µ is called continuous if µ({ω}) = 0 for all ω ∈ R; besides, a
continuous measure is called absolutely continuous if there exists a locally integrable func-
tion f such that dµ(ω) = f(ω) dω, and singular continuous if this does not hold. A measure
supported on singletons is called pure point. Every Borel measure can be uniquely decom-
posed as µ = µpp + µac + µsc, where µpp is pure point, µac is absolutely continuous and µsc

is singular continuous. More details may be found e.g. in [29].
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where Rψ,H(t, t′) = 〈ψ|UH(t′)QUH(t)ψ〉.

Proof. First notice that Γψ,H(t) = 〈ψ|UH(t)ψ〉 and therefore

UH(t)ψ = Γψ,H(t)ψ + QUH(t)ψ. (1.12)

Applying UH(t′) and making use of the group property UH(t′)UH(t) = UH(t′+
t) we get

UH(t+ t′)ψ = Γψ,H(t)UH(t′)ψ + UH(t′)QUH(t)ψ, (1.13)

and applying 〈ψ|·〉 to the previous equation the claim is proven.

Eq. (1.11) is interpreted as follows. By fixing a state ψ ∈ H, the Hilbert
space H is naturally isomorphic to the orthogonal sum Cψ⊕QH, where Cψ is
the space spanned by ψ; UH(t)ψ is the orthogonal sum of a "survived" compo-
nent in Cψ and a "decayed" component in QH.8 Since the evolution is unitary,
regeneration between the two spaces must take place in both directions, hence
the additive term Rψ,H(t, t′) in eq. (1.11); from this point of view, quantum
evolution is intrinsically non-Markovian in the most general case. Obviously
the previous proposition does not prohibit an exponential decay, but warns
us that the situation will be generally more intricate; deviations from the ex-
ponential law may set up.

It is indeed possible to find some conditions under which quantum decay
deviates from the exponential behavior. As for small times, recall by eq. (1.2)
that a Markovian decay is linear as t → 0, regardless the initial state; this is
not the case for quantum systems.

Proposition 1.3. Let ψ ∈ D(H); then

Pψ,H(t) = 1− t2∆H2 + o(t2), (1.14)

where ∆H2 = 〈Hψ|Hψ〉 − 〈ψ|Hψ〉2 is the energy variance.

Proof. Expanding in series the exponential in the spectral representation (1.7)
of the probability amplitude, for suitably small t we get

〈ψ|UH(t)ψ〉 =

∫
R
e−iωt dµψ,H(ω) = 1− it 〈ψ|Hψ〉− 1

2
t2 〈Hψ|Hψ〉+ o(t2), (1.15)

where the finiteness of the spectral measure has been used. The claim follows
by simple algebraic passages.

The quantity τ = 1/∆H is called Zeno time and characterizes the concavity
of the initial time evolution which is exploited in the so-called quantum Zeno
effect [9], that consists in slowing the evolution of the system by making re-
peated measurements. Now, if the Hamiltonian H is bounded, D(H) = H and
therefore the decay is never exponential at small times; an unbounded Hamil-
tonian may, however, exhibit a linear behavior for small times, provided that
the initial state is not in the domain of H, that is, its energy variance is infinite.

8Our discussion may suggest to study the decay of a state ψ by writing H as an opera-
tor acting on Cψ ⊕ QH. Indeed, this will be done in Chapter 3 and will yield a profound
connection with the Friedrichs-Lee Hamiltonian.
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Another striking feature concerns the large time limit. Suppose that µψ,H
is absolutely continuous; then it admits a spectral density fψ,H as in eq. (1.9).
Also suppose that H is lower bounded, that is, there exists a ground energy
Eg ∈ R such that σ(H) ⊂ [Eg,+∞), whence fψ,H is identically zero for ω < Eg.
In the following we will fix Eg = 0 without any loss of generality; in this case
H is a positive operator. On the other hand, for positive Hamiltonians the
following theorem holds:

Proposition 1.4. Let H a positive Hamiltonian in H; then, for all ψ ∈ H with
absolutely continuous measure µψ,H, Pψ,H(t) decays eventually slower than any ex-
ponentially decreasing function.

Proof. Recall from eq. (1.9) that, if µψ,H is absolutely continuous, 〈ψ|UH(t)ψ〉
is the Fourier transform of the spectral density fψ,H; as discussed, fψ,H(ω) = 0
for ω < 0. On the other hand, as first observed in [18], Paley-Wiener theorem
[26] for Fourier transforms of function supported in [0,∞) implies that

−
∫
R

logPψ,H(t)

1 + t2
dt <∞, (1.16)

and this estimate is clearly incompatible with an exponential behavior for
t→∞, since in that case logPψ,H(t) ∼ t as t→∞ and therefore the integrand
would be of order O(t−1) as t→∞, thus obtaining a diverging integral.

Thus the decay of the survival probability for a lower bounded Hamilto-
nian cannot be exponential9 at large times; on the other hand, the previous
estimate is compatible with a power law behavior, that is, Pψ,H(t) ∼ t−α for
some α > 0. Indeed, in this case logPψ,H(t) ∼ log t and therefore the integral
in eq. (1.16) converges for every α. The experimental validity of the expo-
nential law may seem strikingly contradictory at this point: even though de-
viations at small and large times have been indeed observed, one would be
able to understand why is it empirically valid for, e.g., most atoms and nuclei.
For this reason, we are interested to find sufficient conditions under which
a quantum model exhibits an (at least approximately) exponential decay in
a significant interval of time. However, we will not deepen this compelling
subject here; more thorough discussions about theoretical and experimental
facets of the "exponential puzzle" are presented e.g. in [10, 12, 13, 16, 24, 27].

Interesting links between the exponent α and the properties of the spec-
tral measure µψ,H can be found, for instance through the study of fractal (α-
Hölder) measures. Let α ∈ [0, 1]; a σ-finite Borel regular measure µ is called
α-Hölder if there exists C > 0 so that, for every real interval J ⊂ R, the
following relation holds:

µ(J) ≤ C [`(J)]α , (1.17)

where ` is the Lebesgue measure. One can easily show (see prop. B.4) that
every absolutely continuous measure with square-integrable density is α-
Hölder for α = 1. Basic features of α-Hölder measures are furnished in

9We remark that, in fact, if H = H1 ⊗ H2, the dynamics of local observables in H1 and H2

obtained through a partial trace may indeed be exponential: see [6]. An exponential decay
is prohibited for an isolated quantum system with positive Hamiltonian.
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Appendix B; in particular, Strichartz’s theorem B.5 directly implies an inter-
esting property:

Proposition 1.5. Let ψ ∈ H and let µψ,H be its spectral measure. If µψ,H is α-Hölder,
then there is C > 0 so that

〈Pψ,H〉(t) ≤
C

tα
, (1.18)

and, as a consequence, 〈Pψ,H〉(t) vanishes at least as O(t−α).

Proof. Just apply the corollary B.1 to Strichartz’s theorem and observe that
µ̂ψ,H, as defined there, is indeed the survival amplitude for the state ψ.

In particular:

Corollary 1.1. If µψ,H is absolutely continuous and its Radon-Nikodym derivative
is square-integrable, then 〈Pψ,H〉(t) vanishes at least as O(t−1).

Proof. It follows immediately by prop. B.4 and the previous proposition.

This result is an instructive example of quantitative relation between the
dynamical and spectral properties of a quantum pure state.

FIGURE 1.1: An example of nonexponential decay of a quan-
tum survival probability P (t), where the time coordinate is re-
ferred to some arbitrary unit. At small times the behavior is
Gaussian, whereas at large times a power law P (t) ∝ t−α oc-
curs; the exponential region is highlighted, and its extrapola-

tion to large and small times is the orange dotted curve.

Summing up, for an Hamiltonian bounded from below no exponential
decay is admissible at large times; a power law decay with finite exponent
α it indeed possible, provided that, if µψ,H is absolutely continuous, α > 1.
Exponential behavior at t → ∞ may still occur for Hamiltonians that are
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unbounded from below. Such Hamiltonians are in fact common in quantum
field theories and in quantum optics; indeed, the Hamiltonian model whose
description is the main goal of this thesis, namely the Fredrichs-Lee model,
will be obtained as the restriction of a properly defined quantum-theoretical
field model.

An example of quantum decay law which deviates from the exponential
law both at large and small times as discussed is furnished in fig. 1.1.

1.1.3 The resolvent formalism

At this point, before undertaking the study of any specific model, the reader
should be aware that a practical strategy to study and compute survival prob-
abilities has yet to be found; the following section is dedicated to this subject.
We will resort to the resolvent formalism: an useful relation between the
resolvent operator RH(z) and the evolution UH(t) associated with an Hamil-
tonian H will be found; as a direct consequence, an expression of the survival
probability as an integral in the complex plane will be found, thus convert-
ing its computation into a standard problem of complex analysis. Again, the
reader can found basic definitions and properties about the resolvent opera-
tor in Appendix A.

The central problem of quantum dynamics is the explicit evaluation of the
evolution group UH(t). In principle, this can be accomplished by solving the
Schrödinger equation

i
d

dt
UH(t)ψ = Hψ, (1.19)

where ψ ∈ D(H); since D(H) is dense in H and UH(t) bounded, by the BLT
theorem10 the solution of this equation for all initial states ψ ∈ D(H) identifies
uniquely UH(t). However, in most physical interesting cases it is easier to
bypass this problem by computing the resolvent operator of H and making
use of an interesting link between the two operators, which will be analyzed
in the following.

We will show that RH(z) can be expressed as an integral transform of the
evolution group UH(t), and vice versa. Unless otherwise stated, we will re-
strict to t > 0 and z ∈ C+, where C+ is the set of complex numbers with
=(z) > 0; since UH(−t) = UH(t)∗ and RH(z) = RH(z)∗, there is no loss of
generality in this choice.

The first implication is rather easy:

Proposition 1.6. For all z ∈ C+ and for all ψ ∈ H,∫ ∞
0

eizt UH(t)ψ dt = −iRH(z)ψ (1.20)

where the integral is to be understood in the Riemann sense.
10The BLT theorem states that a bounded linear operator acting on a dense subspace of H

admits a unique bounded extension to the whole H.



Chapter 1. Unstable systems and quantum decay 9

Proof. Let σ = =(z). Since UH(t) is unitary, ‖UH(t)ψ‖ = ‖ψ‖ and therefore∥∥∥∥∫ ∞
0

eizt UH(t)ψ dt

∥∥∥∥ ≤ ‖ψ‖∫ ∞
0

e−σt dt, (1.21)

and the second integral is finite ∀σ > 0, which proves absolute convergence
and therefore convergence. We can easily evaluate the integral by making
use of the spectral representation of UH(t) in eq. (1.6):∫ ∞

0

eizt UH(t)ψ dt =

∫ ∞
0

eizt
[∫

R
e−iωt dPH(ω)

]
ψ dt =

=

∫
R

[∫ ∞
0

e−i(ω−z)t dt

]
dPH(ω) ψ = −i

∫
R

1

ω − z
dPH(ω) ψ, (1.22)

which is the spectral expression of −iRH(z)ψ. One can prove that the above
manipulations are correct through a straightforward density argument.

As a result, apart from a factor −i, RH(z) is the vector-valued rotated11

Laplace transform, or Fourier-Laplace transform, of the function t ∈ R+ �
UH(t)ψ ∈ H, whose main features are recalled in Appendix C. We will now
prove that eq. (1.20) is invertible, provided we restrict to a suitable dense
subspace of H.

Proposition 1.7. For all t ∈ R+ and for all ψ ∈ D(H),12

UH(t)ψ =
1

2πi
PV

∫ iε+∞

iε−∞
e−iztRH(z)ψ dz, (1.23)

where ε > 0 is arbitrary.

Proof. First of all, notice that the integral in eq. (1.23) is a Cauchy principal
value (see the footnote); it may be finite even if the integrand is not absolutely
integrable. This is indeed the case: for every ψ ∈ H we can readily write

RH(z)ψ =
1

z
[H− (H− z)] RH(z)ψ =

1

z
HRH(z)ψ − 1

z
ψ, (1.24)

and evidently the second term is not absolutely integrable. However, through
the residue theorem one easily shows that

1

2πi
PV

∫ iε+∞

iε−∞

e−izt

z
dz = 1, (1.25)

11In the mathematical literature the Laplace transform of a non-exponentially growing
function t ∈ R+ → f(t) is usually defined as the integral of e−stf(t) for <(s) > 0; the
two functions differ for a π/2 rotation in the complex plane (z = −is). In order to avoid
redundancies, in the following we will always work with the "rotated" transform.

12We are using the shorthand

PV

∫ iε+∞

iε−∞
e−iztRH(z)ψ dz = lim

Λ→∞

∫
Bε,Λ

e−iztRH(z)ψ dz,

where Bε,Λ = {z = iε+ λ|λ ∈ [−Λ,Λ]}.



Chapter 1. Unstable systems and quantum decay 10

and therefore
1

2πi
PV

∫ iε+∞

iε−∞

e−izt

z
ψ dz = ψ. (1.26)

To handle the first term, suppose ψ ∈ D(H); then, invoking again the spectral
theorem A.5 we can write

HRH(z)ψ =

∫
R

ω

ω − z
dPH(ω) ψ, (1.27)

and so

PV

∫ iε+∞

iε−∞

e−izt

z
HRH(z)ψ dz =

∫
R
ω

[
PV

∫ iε+∞

iε−∞

e−izt

z(ω − z)
dz

]
dPH(ω) ψ. (1.28)

Let us compute the complex integral in eq. (1.28); refer to fig. 1.2. The inte-
grand is a complex meromorphic function with simple real poles in 0 and ω,
with residua 1/ω and e−iωt/ω; applying Jordan’s lemma we have

1

2πi

∫ iε+∞

iε−∞

e−izt

z(ω − z)
dz =

e−iωt − 1

ω
; (1.29)

by substituting this result in eq. (1.28) we get

1

2πi
PV

∫ iε+∞

iε−∞

e−izt

z
HRH(z)ψ dz =

=

∫
R
(e−iωt − 1) dPH(ω) ψ = UH(t)ψ − ψ. (1.30)

Eqs. (1.26), (1.30) imply the claim.

Notice that we have split RH(z)ψ as in eq. (1.24) in order to separate its
regular part, that is absolutely integrable as long as ψ ∈ D(H), from its singu-
lar part, that is not absolutely integrable yet admits a principal value integral.

Unlike eq. (1.20), the inverse relation does not hold in the whole Hilbert
space. However, since D(H) is dense in H, invoking the BLT theorem the
operator in eq. (1.23) does uniquely extend to a bounded operator which ob-
viously coincides with UH(t).

As anticipated, the survival amplitude defined in eq. (1.7) can be therefore
expressed through an integral in the complex plane:

Corollary 1.2. Let ψ ∈ D(H). Then the survival amplitude Γψ,H(t) satisfies the
following equality:

Γψ,H(t) =
1

2πi
PV

∫ iε+∞

iε−∞
e−izt 〈ψ|RH(z)ψ〉 dz. (1.31)

Proof. Just apply 〈ψ|·〉 to both sides of eq. (1.23).

Again, through a density argument this formula is extended to the whole
H. As a consequence of prop. A.6, the integrand in eq. (1.31) is a holomor-
phic complex-valued function in C+ and therefore the standard methods of
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FIGURE 1.2: Upper figure: a plot of the absolute value of the
function f(z) = e−iωt/z(ω − z) for t = 1 and ω = 1. Lower
figure: a contour plot of the same function; |f(z)| is largest in
blue regions and approaches zero in reddish regions. The white
dots correspond to the poles; the white semicircle, in the limit
of infinite radius, is the contour path in eq. (1.16). Notice that
we cannot integrate over a semicircle in the upper half-plane
since |f(z)| does not vanish for z with large positive imaginary

part, and Jordan’s lemma would not apply.
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complex analysis (integral residue theorem, Jordan’s lemma and so on) may
be invoked to compute it.

The previous propositions establish an interesting and useful correspon-
dence between the evolution group UH(t) and the resolvent RH(z), which is at
the basis of a powerful approach to the resolution of the Schrödinger equa-
tion, as previously discussed. In fact, the resolvent formalism proves useful
also when discussing the limiting behavior of a sequence of Hamiltonians;
this point will be discussed later.

1.2 Summary

Starting from the delicate problem of the emergence of an exponential decay
in a quantum mechanical framework, the basic concepts of quantum dynam-
ics have been introduced and an useful expression for the evaluation of the
survival probability of a pure state has been found; sufficient conditions for
deviations from exponential behavior to occur have been found. Taking such
limitations into account, one would like to find a Hamiltonian model that
does exhibit exponential decay.

As anticipated, since an exponential behavior at large times is linked to
an unbounded spectrum, it is natural to search such a Hamiltonian in the
realm of quantum field theories. In this spirit, the next section is devoted to
construct the generalization of a well-known field-theoretical model, namely
the Lee model, which has been extensively studied in the physical literature
and furnishes a solvable, physically consistent model of decay of an excited
two-level system interacting with a structured environment.



Chapter 2

The Lee model in quantum field
theory

In this chapter we provide an introduction to the Lee model, a simple nonrel-
ativistic quantum field theory which describes the interaction of a two-level
system with a structured environment. As a premise, an introduction to the
mathematical structure of quantum field theories is furnished.

2.1 Mathematical structure of second quantization

We begin with an introduction to the standard mathematical structure of
quantum field theories, namely the Fock space and its symmetric and anti-
symmetric counterparts; the creation and annihilation operator are defined,
as well as the number operator. Readers accustomed to formal manipula-
tions of quantum field Hamiltonians or already familiar with the formalism
of Fock spaces may skip this section and directly jump to the following one,
where the Lee model is introduced. This review is mainly inspired by the
discussion in [5].

2.1.1 The Fock space

The standard mathematical framework for the study of systems with a vari-
able number of elementary excitations (which we will refer to as particles,
even though they could not correspond to physical particles of the modeled
system) is the Fock space, defined as follows.

Definition 2.1. Let h a complex, separable Hilbert space; let h⊗0 = C and, for every
n = 1, 2, . . . ,

h⊗n =

n times︷ ︸︸ ︷
h⊗ h⊗ · · · ⊗ h . (2.1)

The Fock space F(h) is defined as the direct sum of the h⊗n:

F(h) =
∞⊕
n=0

h⊗n. (2.2)

h⊗n is said the n-particle space of F(h).



Chapter 2. The Lee model in quantum field theory 14

In other words, the most generic element in the Fock space F(h) is a se-
quence Ψ = {ψn}n∈N, where ψ0 ∈ h⊗0, ψ1 ∈ h⊗1, . . . , with the following
additional request: ∑

n∈N

‖ψn‖2 <∞, (2.3)

and the scalar product in F(h) between two sequences Ψ, Φ is defined as

〈Ψ|Φ〉 =
∑
n∈N

〈ψn|φn〉 . (2.4)

Sometimes we will also use the notation Ψ =
⊕

n∈N ψn, which makes explicit
the chosen Hilbert space structure. Also notice that, ∀n ∈ N, linear combi-
nations of vectors in the form ψn = f1 ⊗ f2 ⊗ · · · ⊗ fn, where f1, . . . , fn ∈ h,
are dense in h⊗n; this implies that every operator in h⊗n is uniquely identified
through its action on such states. We will call them separable states and write
them by |f1, . . . , fn〉. In particular, h⊗0 is the zero-particle space; it is a one-
dimensional space; its normalized vector, uniquely defined up to a global
phase, will be denoted by |0〉 and called vacuum state.

As a consequence of this discussion, by defining how an operator acts on
separable states, it can be extended by linearity to a densely defined operator
in F(h). Indeed,

Proposition 2.1. The set

f(h) =
⋃
m∈N

m⊕
n=0

h⊗n, (2.5)

whose generic element is a state with a finite maximum number m of particles1, is a
dense vector subspace of F(h).

Proof. Let Ψ = {ψn}n∈N ∈ F(h) and Ψm = {ψn}mn=0 ∈ f(h). We have

‖Ψ−Ψm‖2 =
∞∑

n=m+1

‖ψn‖2 =
∞∑
n=0

‖ψn‖2 −
m∑
n=0

‖ψn‖2, (2.6)

where the series converges by eq. (2.3). Taking m → ∞ this quantity van-
ishes, henceforth the claim.

This proves that every operator defined on separable states extends by
linearity to an operator acting on the dense subspace f(h) of the Fock space
F(h). Obviously, the operator may be further extended to a larger space.

A direct generalization of the above proposition follows:

Proposition 2.2. Let D be a dense subspace of h. The set

f(D) =
⋃
m∈N

m⊕
n=0

D⊗n (2.7)

1Here and in the following, with an abuse of notation, we are identifying the n-tuple
{ψn}mn=0 with the sequence {ψn}n∈N with ψn = 0 ∀n > m.
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is a dense vector subspace of F(h).

Proof. Let Ψ = {ψn}n∈N ∈ F(h) and Ψm = {ψn}mn=0 ∈ f(h). Since D is dense in
h and m is finite, there exists Φm ∈ f(D) such that ‖Ψm − Φm‖ can be made
arbitrarily small. We have

‖Ψ− Φm‖ ≤ ‖Ψ−Ψm‖+ ‖Ψm − Φm‖; (2.8)

both terms can be made arbitrarily small and therefore the claim follows by
a standard argument.

A fundamental example is the number operator, defined as follows:

Definition 2.2. The number operator N is defined as the operator acting on f(h) and
satisfying, ∀n ≥ 1,

N |f1, . . . , fn〉 = n |f1, . . . , fn〉 (2.9)

and N |0〉 = 0.

In fact, as a direct consequence, we have Nψn = nψn ∀n ∈ N. An extension
of N (which we still refer to as the number operator) can be immediately
found: {

D(N) =
{
{ψn}n∈N :

∑
n∈N n

2‖ψn‖2 <∞
}

;

N{ψn}n∈N = {nψn}n∈N,
(2.10)

where the domain is obtained by simply requiring {nψn}n∈N to be a vector
in F(h), that is, to satisfy eq. (2.3). It is an easy task to prove that this is a
subspace of F(h); it is dense since it contains the dense subspace f(h). Also
notice that

Proposition 2.3. The number operator N as defined in eq. (2.10) is self-adjoint.

Proof. Just notice that each h⊗n is an eigenspace for N with eigenvalue n.
Therefore, N is already given in its spectral representation and is self-adjoint.

Generalizing this discussion, a general procedure to obtain self-adjoint
operators is explained in the following.

Definition 2.3. Let H a self-adjoint operator defined in some dense domain D(H) of
the one-particle space h. The second quantization of H is the algebraic closure of the
operator F(H) acting on f(D(A)) and satisfying, ∀n ∈ N,

F(H) |f1, . . . , fn〉 =
n∑
i=1

(f1 ⊗ · · · ⊗ fi−1 ⊗ Hfi ⊗ fi+1 ⊗ · · · ⊗ fn) (2.11)

and F(H) |0〉 = 0.

By prop. 2.1.1, such operators are densely defined in the Fock space; again,
they may be extended to a larger domain. The definition involves algebraic
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closure; this is correct since such operators are symmetric, and therefore clos-
able. One can show (see [28]) that they are essentially self-adjoint, and there-
fore F(H) is a self-adjoint operator in the Fock space. Notice that N = F(I): the
number operator is the second quantization of the identity operator on h.

Second-quantized one-particle operator describe individual properties of
the particles of the system. On the mathematical level, this reflects in an intu-
itive and important property: every second-quantized one-particle operator
commutes with N.

Proposition 2.4. Let A be a one-particle self-adjoint operator with dense domain
D(A). The commutator [F(A),N] is densely defined, and is zero wherever it is de-
fined.

Proof. Since the restriction of N to every h⊗n is a multiple of the identity,
[F(A),N] is defined (at least) in the whole f(D(A)). Since the restriction of F(A)
to each h⊗n maps it into itself, the commutator is zero in it and therefore, by
linearity, it is zero everywhere.

Furthermore, we can define the creation and annihilation operators.

Definition 2.4. Let f ∈ h. The creation operator a∗(f) is defined as the operator
acting on f(h) and satisfying, ∀n ≥ 1,

a∗(f) |f1, f2, . . . , fn〉 =
√
n+ 1 |f, f1, f2, . . . , fn〉 ; (2.12)

the annihilation operator a(f) is defined as the operator acting on f(h) and satisfying,
∀Ψ,Φ ∈ f(h),

〈Ψ|a∗(f)Φ〉 = 〈a(f)Ψ|Φ〉 . (2.13)

A direct manipulation of eq. (2.13) shows that

a(f) |f1, f2, . . . , fn〉 =
√
n 〈f |f1〉 |f2, . . . , fn〉 (2.14)

and a(f) |0〉 = 0.
Every separable state can be obtained by applying creation operators to

the vacuum |0〉: it is straightforward to verify that

a∗(f1)a∗(f2) · · · a∗(fn) |0〉 =
√
n! |f1, f2, . . . , fn〉 , (2.15)

where there are no domain issues since the creation operators map separable
states into separable states. In particular,

|f〉 = a∗(f) |0〉 . (2.16)

Notice that the order of the fi in the two sides of eq. (2.15) is not irrelevant:
every permutation of the fi generates a different state. We will return to this
issue later.

Again, we can obtain a maximal extension of a∗(f) and a(f), which is to
be found by imposing that the bound in eq. (2.3) is satisfied for an infinite
sequence {a∗(f)ψn}n∈N.
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Proposition 2.5. The creation and annihilation operators can be extended as fol-
lows: 

D(a∗(f)) = D(a(f)) = D(N1/2);

a∗(f){ψn}n∈N = {a∗(f)ψn}n∈N;

a(f){ψn}n∈N = {a(f)ψn}n∈N,
(2.17)

where, explicitly,

D(N1/2) =

{
{ψn}n∈N :

∑
n∈N

n‖ψn‖2 <∞

}
. (2.18)

Proof. Let Ψ = {ψn}n∈N; the most generic ψn will be expressed in a form

ψn =
∑
k∈N

|fk1 , fk2 , . . . .fkn〉 , (2.19)

where fkj ∈ h, and therefore, by definition,

a∗(f)ψn =
∑
k∈N

a∗(f) |fk1 , fk2 , . . . .fkn〉 =
√
n+ 1

∑
k∈N

|f, fk1 , fk2 , . . . .fkn〉 ; (2.20)

taking the squared norm and making use of the continuity of the norm, we
have

‖a∗(f)ψn‖2 ≤ (n+ 1)
∑
k∈N

∥∥|f, fk1 , fk2 , . . . .fkn〉∥∥2
= (2.21)

= ‖f‖2(n+ 1)
∑
k∈N

∥∥|fk1 , fk2 , . . . .fkn〉∥∥2
= ‖f‖2(n+ 1)‖ψn‖2, (2.22)

where we made use of the continuity of the norm and the fact that the norm
of a tensor product of vectors equals the product of the norms. An analogous
calculation shows that

‖a(f)ψn‖2 ≤ ‖f‖2 n‖ψn‖2. (2.23)

Consequently, in both cases the extension is well-defined provided that we
have

∑
n∈N n‖ψn‖2 <∞, which proves the claim.

As a consequence of the previous proposition, commutators and anticom-
mutators between creation and annihilation operators are well-defined in the
whole D(N), that is, for every state with finite number of particles; this will
turn useful in the next paragraph.

As a final remark, the creation and annihilation operators can be inter-
preted as the values assumed, at some f ∈ h, by the operator-valued func-
tions a∗(·) : f ∈ h → a∗(f) and a(·) : f ∈ h → a(f). One can easily show that
those maps are respectively linear and antilinear.
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2.1.2 Bosonic and fermionic Fock spaces

As previously observed, every permutation of the fi composing a separable
state |f1, f2, . . . , fn〉 gives a new vector, generally distinct from the previous
one; on the other hand, two different vectors (apart from a phase) must be
associated to experimentally distinct physical states; since, in quantum me-
chanics, identical particles are indistinguishable, permutations of the fis are
unphysical and henceforth we must require n-particle states to have a fixed
symmetry under permutations.

Let us consider two operators P± acting as follows on separable states,
∀n ∈ N:

P+ (f1 ⊗ f2 ⊗ · · · ⊗ fn) =
1

n!

∑
σ∈Sn

fσ(1) ⊗ fσ(2) ⊗ · · · ⊗ fσ(n); (2.24)

P− (f1 ⊗ f2 ⊗ · · · ⊗ fn) =
1

n!

∑
σ∈Sn

εσ fσ(1) ⊗ fσ(2) ⊗ · · · ⊗ fσ(n), (2.25)

where Sn is the permutation group of order n and εσ is the signature of the
permutation σ ∈ Sn. The coefficients 1/n! are chosen so that the norm of the
states is conserved under the action of P±; therefore both P± can be extended
to isometric operators acting on the whole Fock space. Since P± are bounded
with unit norm, their ranges are closed and define two new Hilbert spaces,
whose generic element is generated by (anti-)symmetric tensor products of
one-particle states.

Definition 2.5. The symmetric Fock space (or bosonic Fock space) F+(h) and the
antisymmetric Fock space (or fermionic Fock space) F−(h) are defined as F±(h) =
P±F(h).

F(h) will be referred to as the full Fock space, to distinguish it from F±(h).
Similarly to the previous case, the most generic element of F±(h) is obtained
by combining states |f1, f2, . . . , fn〉±, where now we define |f1, f2, . . . , fn〉± =
P± (f1 ⊗ f2 ⊗ · · · ⊗ fn).

If we want to obtain a field theory with a given symmetry under permu-
tations, we must also associate to every operator A in F(h) an operator A±
in F±(h). Every operator A with domain D(A) can be indeed restricted to an
operator acting on the domain P±D(A) ⊂ F±(h); nevertheless, in the general
case this restriction will not preserve the (anti-)symmetry of the tensor prod-
uct. The correct counterpart of A is the operator A± = P±A, restricted to the
domain D(A±) = P±D(A): this operator does map (anti-)symmetric states
in (anti-)symmetric states. This is true, in particular, for second-quantized
self-adjoint operators F(H).

Referring to the operators analyzed in the previous paragraph, notice that
the expression of the number operator (2.10) is unchanged, since N does pre-
serve the symmetry or antisymmetry of products, and N± are simply the re-
striction of N to the symmetric and antisymmetric spaces:

N± : Ψ ∈ D(N±) ⊂ F±(h)→ N±Ψ = NΨ ∈ F±(h), (2.26)
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where D(N±) = P±D(N).
We can also define the creation and annihilation operators in the bosonic

and fermionic spaces; notice that, by eq. (2.14), a(f) preserves the symmetry
or antisymmetry of tensor products, whilst a∗(f) does not, as one can readily
verify. They are thus defined as follows:

a∗±(f) : Ψ ∈ D(N
1/2
± ) ⊂ F±(h)→ a∗±(f)Ψ = P±a∗(f)Ψ ∈ F±(h); (2.27)

a±(f) : Ψ ∈ D(N
1/2
± ) ⊂ F±(h)→ a±(f)Ψ = a(f)Ψ ∈ F±(h). (2.28)

Notice that, since the creation and annihilation operators have domain in
D(N

1/2
± ), their products, and therefore their commutators and anticommuta-

tors, have domain in D(N±). Eq. (2.15) still holds:

a∗±(f1)a∗±(f2) · · · a∗±(fn) |0〉 =
√
n! |f1, f2, . . . , fn〉± , (2.29)

provided that, as previously stated, |f1, f2, . . . , fn〉± is an (anti-)symmetrized
tensor product. Finally, by standard computations one proves that, in this
domain, the following relations hold.

Proposition 2.6. ∀f, g ∈ h, ∀Ψ ∈ D(N+),[
a+(f), a∗+(g)

]
Ψ = 〈f |g〉Ψ; (2.30)

[a+(f), a+(g)] Ψ = 0. (2.31)

Proposition 2.7. ∀f, g ∈ h, ∀Ψ ∈ D(N−),{
a−(f), a∗−(g)

}
Ψ = 〈f |g〉Ψ; (2.32)

{a−(f), a−(g)}Ψ = 0. (2.33)

2.1.3 Formal computations

Let us fix h = L2(R, dµ), the Hilbert space of square-integrable functions
f : ω ∈ R → f(ω) ∈ C with respect to a regular Borel measure µ. We will
now introduce the mathematical basis of the formal computations that are
usually performed in the framework of quantum field theory.

We had previously introduced the operator-valued functions a∗±(·) : f ∈
h → a∗±(f) and a±(·) : f ∈ h → a±(f), which are respectively linear and
antilinear. In analogy with the theory of distributions, let us write a∗±(f) and
a±(f) as follows:

a∗±(f) =

∫
R

a∗±(ω)f(ω) dµ(ω); (2.34)

a±(f) =

∫
R

a±(ω)f(ω) dµ(ω), (2.35)

where a∗(ω) and a(ω) can be interpreted as operator-valued generalized (or
symbolic) functions, in the same way in which the Dirac delta δ(x) is the
generalized function associated to the Dirac distribution δ : f ∈ L2(R, dµ)→
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δ(f) = f(0) ∈ C. Here we will not further deepen this subject, and will
simply treat them as correct but formal manipulations. Formal commutation
and anticommutation relations can be found:

Proposition 2.8. ∀ω, ω′ ∈ R,

[a+(ω), a∗+(ω′)] = δ(ω − ω′); (2.36)
[a+(ω), a+(ω′)] = 0. (2.37)

Proposition 2.9. ∀ω, ω′ ∈ R,

{a−(ω), a∗−(ω′)} = δ(ω − ω′); (2.38)
{a−(ω), a−(ω′)} = 0. (2.39)

Proof. Just substitute the formal expressions in eqs. (2.34)-(2.35) and insert
them in eqs. (2.30)-(2.31) for commutators and eqs. (2.32)-(2.33) for anticom-
mutators. The proof is completed using the formal relation

〈f |g〉 =

∫
R

∫
R
f(ω)g(ω′)δ(ω − ω′) dµ(ω) dµ(ω′) (2.40)

and the fact that f , g are arbitrary.

Let us find formal expressions for a±(ω) and a∗±(ω). Let us consider a
generic ψn ∈ h⊗n, which is a square-integrable function of n (anti-)symmetric
complex variables ω1, ω2, . . . , ωn; applying the operator a±(f) we obtain a
square-integrable function of n− 1 complex variables ω2, . . . , ωn:

(a±(f)ψn) (ω2, . . . , ωn) =
√
n

∫
R
f(ω)ψn(ω, ω2, . . . , ωn) dµ(ω). (2.41)

As previously observed in the general case, the (anti-)symmetry of the re-
maining variables is preserved. By a direct comparison with eq. (2.35),

(a±(ω)ψn) (ω2, . . . , ωn) =
√
nψn(ω, ω2, . . . , ωn). (2.42)

Notice that a±(ω) is, in fact, a well-defined operator, which acts on ψn and
fixes its first variable µ-a.e. at the value ω, thus obtaining a square-integrable
function of n− 1 variables.

The creation operator a∗±(f), on the other hand, transforms our ψn in a
function of n+ 1 variables; let ω0 be the added variable. If we did not have to
require the (anti-)symmetry of the final result we would simply have(

a∗±(f)ψn
)

(ω0, ω1, ω2, . . . , ωn) =
√
n+ 1 f(ω0)ψn(ω1, ω2, . . . , ωn), (2.43)

but, as previously discussed (see eq. (2.28)), this expression must be sym-
metrized or antisymmetrized with respect to the n+1 variables ω0, ω1, . . . , ωn.
Since the variables ω1, . . . , ωn are already (anti-)symmetrized, we have n + 1
possible permutations of our variables, each corresponding to every possible
position of ω0. In the symmetric case each permutation enters the expression
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with a plus sign; in the antisymmetric case the sign of the permutation is
(−1)i−1. Consequently, the result can be written as

(
a∗±(f)ψn

)
(ω0, ω1, . . . , ωn) =

1√
n+ 1

n∑
i=0

(±1)i−1f(ωi)ψn(ω1, . . . , ω̂i, . . . , ωn),

(2.44)
where the symbol ω̂i indicates that, for i = 1, . . . , n, the ith variable ωi has
been replaced by ω0; for i = 0 the variables are placed as in eq. (2.43). Com-
paring eqs. (2.44) and (2.34) we obtain the formal expression

(
a∗±(ω)ψn

)
(ω0, ω1, . . . , ωn) =

1√
n+ 1

n∑
i=0

(±1)i−1δ(ω−ωi)ψn(ω1, . . . , ω̂i, . . . , ωn),

(2.45)
which follows by inserting the formal expression

f(ωi) =

∫
R
f(ω)δ(ω − ωi) dµ(ω) (2.46)

into eq. (2.44). Unlike a±(ω), this is only a symbolic operator, since it contains
the symbolic function δ(ω − ωi).

For our immediate purposes, let us rewrite this result for a function φn−1

of n− 1 variables ω2, . . . , ωn; let ω1 the added variable:

(
a∗±(ω)φn−1

)
(ω1, ω2 . . . , ωn) =

1√
n

n∑
i=1

(±1)i−1δ(ω−ωi)φn−1(ω2, . . . , ω̂i, . . . , ωn).

(2.47)
We can now prove a fundamental result:

Proposition 2.10. The number operator N± admits the following formal expression:
∀Ψ ∈ D(N±),

N±Ψ =

∫
R

a∗±(ω)a±(ω)Ψ dµ(ω). (2.48)

Proof. It will suffice to prove that, applying the formal expression in eq. (2.48)
to some ψn ∈ h⊗n, we obtain nψn. Let φn−1 = a±(ω)ψn, with variables
ω2, . . . , ωn; by eq. (2.47), naming ω1 the added variable, we have

(
a∗±(ω)φn−1

)
(ω1, ω2, . . . , ωn) =

1√
n

n∑
i=1

(±1)i−1δ(ω−ωi)φn−1(ω2, . . . , ω̂i, . . . , ωn),

(2.49)
where we recall that φn−1(ω2, ω3, . . . , ω̂i, . . . , ωn) is obtained, for i = 2, 3, . . . , n
by substituting the ith variable with ω1, and for i = 1 simply coincides with
φn−1(ω2, . . . , ωn). Now, since φn−1 = a(ω)ψn,

(
a∗±(ω)a±(ω)ψn

)
(ω1, ...) =

1√
n

n∑
i=1

(±1)i−1δ(ω−ωi) (a±(ω)ψn) (ω2, ..., ω̂i, ..., ωn),

(2.50)
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and integrating we get∫
R

(
a∗±(ω)a±(ω)ψn

)
(ω1, ...) dµ(ω) =

1√
n

n∑
i=1

(±1)i−1 (a±(ωi)ψn) (ω2, ..., ω̂i, ..., ωn).

(2.51)
Now, (a±(ωi)ψ) (ω2, . . . , ω̂i, . . . , ωn) is obtained as follows: first take the func-
tion ψn(ω1, ω2, . . . , ωn), then replace ω1 with ωi and multiply by

√
n (the action

of a(ωi)), finally replace the ith variable with ω1. The resulting action is the
exchange of the variables ω1 and ωi; as a consequence, since this permutation
has signature (±1)i−1, we have

(a±(ωi)ψn) (ω2, . . . , ω̂i, . . . , ωn) = (±1)i−1
√
nψn(ω1, . . . , ωn); (2.52)

the final result is therefore∫
R

(
a∗±(ω)a±(ω)

)
(ω1, ω2, . . . , ωn) dµ(ω) =

n∑
i=1

ψn(ω1, . . . , ωn) = nψn(ω1, . . . , ωn),

(2.53)
thus completing the proof.

Finally, let us find a similar formal expression for a physically fundamen-
tal class of self-adjoint operators, that is, real multiplication operators, whose
main properties are recalled in Appendix D. Recall that, given a measurable
function u, the multiplication operator Tu is defined as follows:{

D(Tu) = {f ∈ L2(R, dµ) : Tuf ∈ L2(R, dµ)} ;

Tuf : ω ∈ R→ (Tuf)(ω) = u(ω)f(ω);
(2.54)

Tu is a normal operator, and is self-adjoint iff u is real-valued. By eq. (2.11),
the second quantization of Tu, F±(Tu), can be readily defined in some maxi-
mal dense subspace of the Fock space F±(h), satisfying, ∀n ∈ N,

(F±(Tu)ψn) (ω1, . . . , ωn) =

(
n∑
i=1

u(ωi)

)
ψn(ω1, . . . , ωn); (2.55)

the number operator is obtained as the special case by choosing u(ω) = 1.
The previous proposition generalizes easily:

Proposition 2.11. F± admits the following formal expression: ∀Ψ ∈ D(F±(Tu)),

F±(Tu)Ψ =

∫
R
u(ω)a∗±(ω)a±(ω)Ψ dµ(ω). (2.56)
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Proof. Consider ψn ∈ h⊗n for some n ∈ N and just repeat the same manipula-
tions of prop. 2.10. One gets∫

R
u(ω)

(
a∗±(ω)a±(ω)

)
(ω1, ω2, . . . , ωn) dµ(ω) =

(
n∑
i=1

u(ωi)

)
ψn(ω1, . . . , ωn),

(2.57)
and by eq. (2.55) the claim is proven.

The propositions above furnish a rigorous basis to the formal compu-
tations of quantum field theories: given any measurable function u(ω), the
formal integral in eq. (2.56) is uniquely associated to a self-adjoint multipli-
cation operator in some dense domain of the Fock space; we can manipulate
these expressions by means of the formal commutation relation in eqs. (2.37),
(2.37) or the formal anticommutation relation in eqs. (2.39), (2.39), depending
on the symmetry of the wavefunctions. If these formal relations are carefully
managed, many important results are easily obtained; for instance, prop. 2.4
follows immediately.

2.2 The Lee model in quantum field theory

In this section the Lee Hamiltonian is defined and studied in a quantum field
theoretical framework; its physical relevance is discussed. An expression for
its restriction to the one-excitation sector will be found: this is the Friedrichs-
Lee Hamiltonian, which will be extensively discussed in the remainder of the
thesis.

2.2.1 Hamiltonian of a free bosonic field

Let us consider a free, bosonic field, such as the free electromagnetic field.
It is known that the corresponding Hamiltonian in the bosonic Fock space
F+(h), where h = L2(R, dµ) and µ is a regular Borel measure, has the formal
expression2

Hf =

∫
R
ω a∗(ω)a(ω) dµ(ω), (2.58)

where we have dropped the explicit indication of the plus sign, since in
the following we will only refer to bosonic operators. From the discussion
in the previous section we know that Hf is a densely defined (essentially)
self-adjoint operator; indeed, from eq. (2.55) it is clear that Hf is the second
quantization of the multiplication operator associated to the identity func-
tion, which we will refer to as Ω:{

D(Ω) =
{
f ∈ L2(R, dµ) :

∫
R ω

2|f(ω)|2 dµ(ω) <∞
}

;

(Ωf) (ω) = ω f(ω).
(2.59)

2As in the previous chapter and in the remainder of the thesis, unless otherwise stated,
we are using natural units ~ = 1; therefore, frequencies and energies are identified.
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and whose properties will be more thoroughly studied in the next chapter.
Also notice that, with such a definition, the vacuum state |0〉 has zero energy:

Hf |0〉 = 0. (2.60)

The variable ω ∈ R represents a value of frequency; the measure µ "weighs"
the frequencies. A common choice in the description of an electromagnetic
field is to pick µ as the Lebesgue measure ` on the positive reals, but other
choices are indeed possible; for instance, elastic vibrations in a solid have
only a discrete set of frequencies available. Each f ∈ h corresponds to an
excitation (or particle) of the field.

By eq. (2.16), every excitation can be obtained by applying the creation
operator a∗(f) to the vacuum state |0〉. Formally we have, by eq. (2.34),

|f〉 =

∫
R
f(ω)a∗(ω) |0〉 dµ(ω), (2.61)

which can be interpreted as a formal superposition of elementary excitations
(or quanta) a∗(ω) |0〉, which may assume specific denominations according to
the physical context (e.g., photons for an electromagnetic field, phonons for
an elastic solid medium, etc.) Such formal states may or may not be true
states in h, depending on µ. Indeed, by eq. (2.47), given ω̄ ∈ R we readily
identify a∗(ω̄) |0〉 as the Dirac delta at ω̄:

(a∗(ω̄) |0〉) (ω) = δ(ω − ω̄), (2.62)

which is obviously not square-integrable with respect to the Lebesgue mea-
sure, but does admit a finite integral with respect to every measure such that
µ{ω̄} 6= 0.3

The number operator of the theory will be written as Nf and by eq. (2.48)
it admits in its domain the formal expression

Nf =

∫
R

a∗(ω)a(ω) dµ(ω). (2.63)

By prop. 2.4, clearly the commutator [Hf ,Nf ] = 0 in its domain, which in-
cludes every state with finitely many particles each in the domain of Ω (that
is, f(D(Ω)): see eq. (2.7)). This means that, under the action of the evolution
group generated by Hf , the number of particles Nf is conserved, as physically
obvious for any well-constructed free field theory.

2.2.2 Free and interacting Lee Hamiltonians

Let us consider a nondegenerate two-level quantum system, or qubit (quan-
tum bit), with energy levels ωg and ωg+ω0, with ωg, ω0 > 0. In fact, to simplify
things we can impose ωg = 0 by subtracting an irrelevant constant. Such a

3The Dirac delta is, in the general case, a linear functional acting on a dense subspace of
our Hilbert space. This is at the basis of Gelfand triples, which are introduced in the first
part of Appendix F.
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system, schematized in fig. 2.1, is described by the simple Hamiltonian in C2:

Ha =

(
ω0 0
0 0

)
. (2.64)

FIGURE 2.1: Basic scheme of a two-level system; here the
Planck constant has been left explicit for the sake of clarity. Re-
call that these are quantum states: the most generic state of the

system is a linear combination of them.

Let us label as |↑〉 and |↓〉 the excited and ground eigenstates of Ha, with

Ha |↑〉 = ω0 |↑〉 Ha |↓〉 = 0, (2.65)

and therefore Ha = ω0 |↑〉 〈↑|. The free Lee Hamiltonian is then simply defined
as the Hamiltonian of this qubit in the presence of a bosonic field, without
mutual interaction.

Definition 2.6. Let h = L2(R, dµ), H = C2⊗F(h), and let Hf : D(Hf ) ⊂ F(h)→
F(h) be the Hamiltonian in (2.58) and Ha : C2 → C2 the operator in eq. (2.64). The
noninteracting Lee Hamiltonian is defined as follows:{

D(H0) = C2 ⊗D(Hf ) ⊂ H;

H0 = (Ha ⊗ I) + (I⊗ Hf ) .
(2.66)

Every element in H is the tensor product of a qubit in C2 and a Fock state.
Since, as seen in the previous section, linear combinations of separable states
|f1, . . . , fn〉 are dense in F(h), the most general state in H is a superposition of
states |↑; f1, . . . , fn〉 = |↑〉 ⊗ |f1, . . . , fn〉 and |↓; f1, . . . , fn〉 = |↓〉 ⊗ |f1, . . . , fn〉.

To model the coupling between field and qubit, we must choose a proper
interaction operator Vg. To this purpose, we introduce two operators in C2:

σ± =
1

2
(σ1 ± i σ2) , (2.67)

where σi is the ith Pauli matrix. The matrices σ± in eq. (2.67) satisfy the
following properties:

σ+ |↓〉 = |↑〉 ; σ+ |↑〉 = 0; (2.68)
σ− |↑〉 = |↓〉 ; σ− |↓〉 = 0, (2.69)
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as follows by a direct calculation. Eqs. (2.68), (2.69) are interpretable as fol-
lows: σ+ annihilates the excited state and raises the ground state to the ex-
cited state, whilst σ− lowers the excited state to the ground state and anni-
hilates the ground state; namely, the σ± matrices model the excitation and
relaxation of the qubit. The matrices σ±, which we will be refer to as ladder

FIGURE 2.2: Schematic action of the ladder matrices on the lev-
els of the qubit.

matrices, can be used to construct a proper coupling between qubit and field.
On physical grounds, we want to model the following situation:

• Every excitation of the qubit must correspond to the annihilation of a
quantum in the field;

• Every relaxation of the qubit must correspond to creation of a quantum
in the field.

In other terms: a qubit in the ground state can absorb a quantum from the
field and reach the excited state; a qubit in the excited state can release a
quantum to the field and reach the ground state. No other transition is al-
lowed. Mathematically, we must couple σ+ with a bosonic annihilation op-
erator and σ− with a bosonic creation operator. To this purpose, fix g ∈ h and
consider the following essentially self-adjoint operator:{

D(Vg) = C2 ⊗D(N
1/2
f );

Vg = σ− ⊗ a∗(g) + σ+ ⊗ a(g),
(2.70)

where the domain is determined by prop. 2.5. It also admits the following
formal expression:

Vg =

∫
R

(
σ+ ⊗ g(ω)a(ω) + σ− ⊗ g(ω) a∗(ω)

)
dµ(ω). (2.71)

Let us analyze how Vg acts on the states |↓; 0〉 and |↑; 0〉, i.e. the states in which
the field has no excitations and the qubit is in a energy eigenstate. From eqs.
(2.12), (2.14), (2.69),

Vg |↓; 0〉 = 0, Vg |↑; 0〉 = |↓; g〉 . (2.72)

Physically, if the qubit lies in its ground state and the field in its vacuum
state, there are no quanta to be absorbed and thus there is no interaction. On
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the other hand, the excited qubit interacts with the vacuum and relaxes by
releasing an excitation g(ω).

It is also interesting to evaluate how Vg acts on the states |↓; f〉 and |↑; f〉,
i.e. the states in which the field has one excitation and the qubit is in an
energy eigenstate. From eqs. (2.12), (2.14), (2.69),

Vg |↓, f〉 = 〈g|f〉 |↑; 0〉 ; Vg |↑, f〉 =
√

2 |↓; f, g〉 . (2.73)

Physically, if the qubit in the ground state interacts with a bosonic field hav-
ing one excitation f(ω), it will reach the excited state with an amplitude pro-
portional to the scalar product of f(ω) and the form factor g(ω); if the excited
qubit interacts with the same field, it relaxes in the ground state again releas-
ing an excitation g(ω).

We can now define the full Lee Hamiltonian, first introduced in [20].

Definition 2.7. Let g ∈ h, H0 the free Lee Hamiltonian in equation (2.66), and Vg

the coupling operator in eq. (2.70). The interacting Lee Hamiltonian Hg with form
factor g is defined as the closure of the operator with domain D(H0) ∩D(Vg) and

Hg = H0 + Vg. (2.74)

2.2.3 The one-excitation sector

We observed that, as a consequence of prop. 2.4, the Hamiltonian of the free
field Hf commutes with the number operator Nf , whenever the commutator
is defined. This immediately implies that, if we define a number operator
N0 = 1⊗ Nf in H, the free Lee Hamiltonian H0 commutes with it; this reflects
the obvious fact that the number of quanta in the field is unchanged if there is
no interaction with the qubit. However, the same cannot be true if we "switch
on" the coupling between field and qubit, that is, if we consider a nontrivial
coupling Vg; prop. 2.4 does not apply to Hg. Indeed, one can easily show that
1⊗ Nf does not commute with Vg for any nonzero form factor.

However, a conserved number operator does exist.

Definition 2.8. The excitation number N is defined as follows:{
D(N) = C2 ⊗D(Nf );

N = (|↑〉 〈↑| ⊗ I) + (I⊗ Nf ) .
(2.75)

Here |↑〉 〈↑| = σ+σ− is the projector on the span of the excited eigenstate of
the qubit, since |↑〉 〈↑ | ↑〉 = |↑〉 and |↑〉 〈↑ | ↓〉 = 0; therefore, N basically adds
a unity to the number operator Nf if the qubit is in the excited state. Indeed
we immediately get, for a generic separable state,

N |↑; f1, . . . , fn〉 = (n+ 1) |↑; f1, . . . , fn〉 ; (2.76)
N |↓; f1, . . . , fn〉 = n |↓; f1, . . . , fn〉 . (2.77)

On physical grounds it is clear that this operator will be conserved: whenever
the qubit absorbs a quanta, thus decreasing by one unit the value of quanta
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in the field and therefore N, it must be promoted to the excited state, so that
N increases by one unit. Indeed,

Proposition 2.12. N commutes with Hg.

Proof. It follows from a direct formal calculation making use of the properties
(2.69) of the ladder matrices.

Like Nf , N has eigenvalues in the whole N. An immediate and crucial
consequence follows:

Proposition 2.13. Let En be the nth eigenspace of N; then it is a reducing subspace
for the Lee Hamiltonian Hg, that is, the operator Hg|En has range in En.

Proof. Let ψn ∈ En ∩D(Hg), that is Nψn = nψn; then, by prop. 2.12, NHgψn =
HgNψn = nHgψn, thus Hgψn ∈ En.

It is thus possible to study separately the restriction of our system to each
En; the resulting operator will be a well-defined operator acting in a Hilbert
space with finite degrees of freedom.

The case n = 0 is trivial: one can readily show that E0 is a one-dimensional
space entirely spanned by |↓; 0〉, whose evolution is trivial since it is annihi-
lated by Vg, that is, the restriction of Vg to this space is the null operator. The
easiest nontrivial case is n = 1, which is, physically, the case in which either
the qubit is excited and the field has no quanta, or the qubit is relaxed and
we have one quantum. Mathematically,

E1 =
(
C↑ ⊗ h⊗0

)
⊕
(
C↓ ⊗ h⊗1

)
, (2.78)

where Cl = C |l〉 are the two eigenspaces of Ha.
Let us examine the action of Hg on E1, starting from C↑ ⊗ h⊗0. This is

an one-dimensional space spanned by |↑; 0〉, and therefore its most general
element is f0 |↑; 0〉 for some f0 ∈ C; thus, we only need to evaluate Hg |↑, 0〉.
We have Hg |↑, 0〉 = Ha |↑〉⊗|0〉+ |↑〉⊗Hf |0〉+Vg |↑, 0〉. From eqs. (2.60), (2.65),
(2.72),

Hg |↑, 0〉 = ω0 |↑, 0〉+ |↓, g〉 . (2.79)

As for C↓ ⊗ h⊗1, the most generic element of this space is a combination of
vectors |↓; f〉, with f ∈ h. We have Hg |↓; f〉 = Ha |↓〉 ⊗ |f〉 + |↓〉 ⊗ Hf |f〉 +
Vg |↓, f〉; from eqs. (2.60), (2.73), and since the restriction of Hf to one-particle
states is the position operator Ω,

Hg |↓, f〉 = |↑; Ωf〉+ 〈g|f〉 |↑; 0〉 . (2.80)

Eqs. (2.79), (2.80) model the behaviour of a two-level system with an exter-
nal bosonic field, provided that only one excitation is available to the system.
Without loss we can discard the explicit indication of the energy level of the
qubit, making use of the obvious isomorphism E1 ∼ C⊕ h; adopting a more
compact notation, the generic state in this Hilbert space can be simply writ-
ten as f0 ⊕ f . At this level, the Lee model is reduced to a simpler quantum
mechanical Hamiltonian model, first studied in [14], which is known in liter-
ature as the Friedrichs, Lee-Friedrichs or Friedrichs-Lee model.
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2.3 Summary

The Lee model has been constructed and studied in a rigorous framework
that, by choosing a proper measure µ and a form factor g, can be feasibly
adapted to a large variety of physical circumstances; finally, we have ob-
served that the bosonic Fock space in which it is defined is naturally split
into eigenspaces of the excitation number, which allows us to restrict our
analysis to a sector with fixed number of excitations; the case n = 1 yields
the Friedrichs-Lee Hamiltonian, which will be extensively studied in the fol-
lowing chapters.



Chapter 3

The Friedrichs-Lee Hamiltonian

In this chapter the Friedrichs-Lee Hamiltonian is defined and its main fea-
tures are studied; we evaluate its resolvent, thus obtaining a general formula
which yields the survival probability of the excited state, provided that the
form factor is given; besides, we argue that, under certain conditions, its
formal structure has universal properties. A general discussion about the
mathematical properties of the position operator is premised.

3.1 Definition and generalities

After recalling, for our immediate purposes, the main mathematical proper-
ties of the position operator, we define the Friedrichs-Lee Hamiltonian and
study its general properties.

3.1.1 The position operator

Multiplication operators are a fundamental class of linear operators acting
on L2(R, dµ), where µ is a Borel regular measure. The main properties of
multiplication operators are studied in Appendix D. Here, for our immedi-
ate purposes, we will consider one special case: the multiplication operator
associated with the identity function u(ω) = ω, which will be denoted as Ω.

Definition 3.1. Let µ a Borel regular measure. The position operator Ω onL2(R, dµ)
is defined as follows:{

D(Ω) =
{
f ∈ L2(R, dµ)

∣∣ ∫
R ω

2|f(ω)|2 dµ(ω) <∞
}

;

(Ωf)(ω) = ωf(ω).
(3.1)

By props. D.1 and D.2 it is known that Ω is densely defined and self-
adjoint. Other interesting features of Ω, strictly dependent on the measure
µ, can be derived straightforwardly from the general proposition in the ap-
pendix and are resumed in the following.

Proposition 3.1. Ω has finite operator norm iff µ is zero outside some finite interval.

Proof. By prop. D.3, Ω is bounded iff the identity function is µ-essentially
bounded, that is, if there exists some c > 0 so that µ{ω ∈ R : |ω| > c} = 0.
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Proposition 3.2. Ω is invertible iff µ{0} 6= 0; if so, its inverse operator is the
multiplication operator associated with the function u(ω) = 1/ω, and its range
R(Ω) is dense.

Proof. It follows directly by props. D.4, D.5 and D.6.

Proposition 3.3. The spectrum of Ω is the support of the measure µ, defined as the
set of all λ ∈ R such that every finite neighborhood has nonzero measure, that is

supp(µ) = {λ ∈ R|∀ε > 0 : µ(Iε(λ)) > 0} (3.2)

where Iε(λ) = {ω ∈ R||ω − λ| < ε}. Furthermore, λ is an eigenvalue for Ω iff
µ{λ} > 0.

Proof. It follows directly by props. D.9 and D.7.

Proposition 3.4. The projection-valued measure PΩ in prop. D.10 is the projection-
valued measure uniquely associated with Ω by the spectral theorem; besides, for every
measurable u, Tu = u(Ω).

Proof. Just apply eq. (D.11) with u(ω) = ω.

Finally, the family of spectral measures {µΩ,f}f∈L2(R,dµ) can be easily char-
acterized:

Proposition 3.5. For all f ∈ L2(R, dµ): dµΩ,f (ω) = |f(ω)|2 dµ(ω).

Proof. For any measurable u, by prop. 3.4 Tu = u(Ω), with

〈f |Tuf〉 = 〈f |u(Ω)f〉 =

∫
R
u(ω) dµΩ,f (ω) (3.3)

in its domain; at the same time, by definition,

〈f |Tuf〉 =

∫
R
u(ω) |f(ω)|2 dµ(ω), (3.4)

and the claim follows since u and f are arbitrary.

As a result, every spectral measure µΩ,f is absolutely continuous with re-
spect to µ; recalling the discussion in the first chapter concerning the link
between dynamical and spectral properties, by prop. 1.1 this implies that the
large-time behavior of all states under the evolution generated by Ω will be
recurring (resp. nonrecurring) iff µ is pure point (resp. continuous); besides,
if µ itself is absolutely continuous (with respect to Lebesgue measure), every
state undergoes strong quantum decay.

3.1.2 The Friedrichs-Lee Hamiltonian

The Friedrichs-Lee Hamiltonian can be obtained, as seen in the previous
chapter, as the restriction to the one-excitation sector of the Lee model; its
physical relevance should therefore be clear at this point. In the following
we will focus on its mathematical properties without further referencing to
the original quantum field theoretical model.
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Definition 3.2. Let µ be a regular Borel measure, H = C ⊕ L2(R, dµ)1, ω0 ∈ R,
and Ω : D(Ω) ⊂ L2(R, dµ)→ L2(R, dµ) the position operator defined in (3.1). The
free Friedrichs-Lee Hamiltonian is defined as follows:{

D(H0) = C⊕D(Ω) ⊂ H;

H0 : f0 ⊕ f ∈ D(H0)→ H0 (f0 ⊕ f) = ω0f0 ⊕ Ωf.
(3.5)

By proposition D.3 we know that Ω is generally unbounded, since it is the
multiplication operator associated with the identity function. Besides,

Proposition 3.6. H0 is densely defined and self-adjoint.

Proof. As observed Ω is self-adjoint, thus so is H0.

Next, let us introduce the interaction term Vg:{
D(Vg) = H;

Vg : f0 ⊕ f ∈ H→ Vg(f0 ⊕ f) = 〈g|f〉 ⊕ f0 g.
(3.6)

Proposition 3.7. Let g ∈ L2(R, dµ). Vg is bounded with norm ‖Vg‖ = ‖g‖ and
self-adjoint.

Proof. By Riesz theorem it is known that ‖ 〈g|·〉 ‖ = ‖g‖ and henceforth ‖Vg‖ =
‖g‖. By a direct calculation one proves that Vg is also symmetric; being
bounded and symmetric, Vg is self-adjoint.

Definition 3.3. Let g ∈ L2(R, dµ), H0 as defined in (3.5) and Vg be the operator
defined in (3.6). The Friedrichs-Lee Hamiltonian Hg with form factor g is defined as
follows: {

D(Hg) = D(H0);

Hg = H0 + Vg.
(3.7)

In the literature the Friedrichs-Lee Hamiltonian is standardly defined with
µ = `, where ` is the Lebesgue measure on the real line; here we are keeping
µ as a general regular Borel measure, not necessarily finite.

Proposition 3.8. For every g ∈ L2(R, dµ), Hg is self-adjoint.

Proof. Both H0 and Vg are self-adjoint and Vg is also bounded, henceforth the
claim.

An important remark follows. The reader may argue that, since the quan-
tity 〈f0 ⊕ f |Hg(f0 ⊕ f)〉 is an integral over the finite measure with element
dµ̃(ω) = |g(ω)|2 dµ(ω), this description is redundant and we may simply fix
g = 1 and µ as a finite measure; however, we will stay with the "redundant"
description for both physical and technical reasons. Physically, the roles of g

1Notice that, whilst in the previous chapter the symbol H refers to the Hilbert space of the
whole system field-qubit, here H refers only to the one-excitation sector. Similarly H0, Hg and
Vg will now refer to the restrictions to the one-excitation sector of the operators introduced
in the previous chapter.
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and µ are distinct: µ controls the frequencies in the environment accessible
to a generic qubit (in particular, whether they form a continuum or a discrete
set), whilst g controls the coupling between our specific qubit and the envi-
ronment. Besides, as we will examine in the following chapter, we are mainly
interested in the limiting case when µ is an infinite measure and g = 1 (sin-
gular coupling); since such a Friedrichs-Lee Hamiltonian would not be well-
defined, this case will be treated with a proper limiting procedure, and on a
mathematical level it is simpler to deal with sequences of operators in a fixed
Hilbert space (that is, varying g and letting µ fixed) rather than sequences of
Hilbert spaces.

Example. Let us suppose that only frequencies in a finite set {ω1, ω2, . . . , ωn}, with
n ∈ N, are available to the system. This can be obtained as follows. If we define, for
an arbitrary ω ∈ R, the Dirac measure

δω : A ∈ B(R)→ δω(A) =

{
1, ω ∈ A;

0, ω /∈ A,
(3.8)

let us choose

µ =
n∑
i=1

δωi ; (3.9)

our Hilbert space reduces, up to an isomorphism, to C⊕ Cn ∼ Cn+1, and Hg can be
identified with the following matrix:

Hg =



ω0 g1 g2 g3 · · · gn
g1 ω1 0 0 · · · 0
g2 0 ω2 0 · · · 0
g3 0 0 ω3 · · · 0
...

...
...

... . . . ...
gn 0 0 0 · · · ωn


, (3.10)

where we have defined gi = g(ωi). The most generic vector f0 ⊕ f in the Hilbert
space is identified with a column vector with components f0, f1, . . . , fn, and

Hg(f0 ⊕ f) =


ω0 g1 g2 · · · gn
g1 ω1 0 · · · 0
g2 0 ω2 · · · 0
...

...
... . . . ...

gn 0 0 · · · ωn




f0

f1

f2
...
fn

 =


ω0f0 +

∑n
i=1 gifi

f0g1 + ω1f1

f0g2 + ω2f2
...

f0gn + ωnfn

 . (3.11)

The previous example inspires the following formal notation: we write
the generic f0 ⊕ f ∈ H as a formal column vector,

f0 ⊕ f =

(
f0

f

)
, (3.12)
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and Hg is represented as a formal matrix:

Hg =

(
ω0 〈g|·〉
g Ω

)
, (3.13)

so that, in matrix form,

Hg(f0 ⊕ f) =

(
ω0 〈g|·〉
g Ω

)(
f0

f

)
=

(
ω0f0 + 〈g|f〉
f0g + Ωf

)
. (3.14)

This formal matrix representation simplifies calculations and will be exten-
sively used in the following.

3.1.3 Universality of the Friedrichs-Lee Hamiltonian

The Friedrichs-Lee Hamiltonian has been obtained as the restriction to the
single-excitation sector of the Lee model, thus making explicit its physical
relevance. However, its form has a somewhat universal structure: we will
prove that, by fixing a state in the domain of a Hamiltonian H, under certain
conditions one can write H as a Friedrichs-Lee Hamiltonian; this potentially
offers an insightful connection with the concept of probability regeneration
as analyzed in the first chapter. For this purpose we will briefly come back to
a more general subject, namely cyclic subspaces.

Definition 3.4. Let φ ∈ H and H a self-adjoint operator. The cyclic subspace Hφ

generated by φ is

Hφ =
{
ξ ∈ H|∃f ∈ L2(R, dµψ,H) : ξ = f(H)φ

}
. (3.15)

If Hφ = H, then φ is called a cyclic vector for H.

The properties of projection-valued measures easily imply that Hψ is a
closed subspace of H.

Proposition 3.9. The following operator:

Sφ : f ∈ L2(R, dµφ,H)→ Sφf = f(H)φ ∈ Hφ (3.16)

is a unitary transformation between Hφ and L2(R, dµφ,H). Besides, for any measur-
able function u, u(H)|Hφ = SφTuS∗φ, where Tu is the multiplication operator defined
in its domain through the relation (Tuf)(ω) = u(ω)f(ω).

Proof. Sφ is surjective because of the definition of Hφ and injective because of
the properties of projection-valued measures; finally,

‖Sφf‖2 = ‖f(H)φ‖2 =

∫
R
|f(ω)|2 dµφ,H(ω) = ‖f‖2, (3.17)

hence Sφ preserves norms. The second part of the proof follows easily.

The previous proposition implies that the restriction of the normal oper-
ator u(H) to a cyclic subspace Hφ is unitarily equivalent to the multiplication
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operator Tu in L2(R, dµφ,H); in particular, the restriction of H to Hφ is unitarily
equivalent to the position operator Ω in L2(R, dµφ,H). Besides, if φ is a cyclic
vector, u(H) itself is equivalent to Tu and, in particular, H to Ω. Notice that
not every operator admits a cyclic vector; however, it may be shown (see e.g.
[25]) that there always exists an at most countably infinite family {φn}n∈N of
vectors, called spectral basis, such that H = ⊕n∈NHφn . As an example, an
important special case in which a cyclic vector does exist is presented in the
following:

Proposition 3.10. If µ is a finite measure, then the function g(ω) = 1 is a cyclic
vector for L2(R, dµ).

Proof. If µ is finite, 1 ∈ L2(R, dµ). Therefore, every f ∈ L2(R, dµ) can be
obtained as f = Tf1 = f(Ω)1, where prop. 3.4 has been used; thus the whole
L2(R, dµ) is spanned by such vectors and so 1 is a cyclic vector.

Now, let H be a complex separable Hilbert space, and let H be a self-
adjoint operator with domain D(H). Fix ψ ∈ D(H) with ‖ψ‖ = 1, and let
P = 〈ψ|·〉ψ and Q = 1− P. Let us start from a simple preparatory lemma:

Proposition 3.11. For all φ ∈ D(H), Hφ = (PHP + QHQ + PHQ + QHP)φ.

Proof. First of all, notice that PD(H) ⊂ D(H) and QD(H) ⊂ D(H), as follows
immediately by their definitions; therefore the operators HP and HQ are well-
defined with domain D(H) and so is H(P + Q); obviously, given φ ∈ D(H), we
have H(P + Q)φ = Hφ. The claim follows since 1 = P + Q.

Following [27], we will now write our generic H in a familiar form.

Proposition 3.12. Let H a self-adjoint operator in a Hilbert space H, ψ ∈ D(H),
and Q = I− 〈ψ|·〉ψ. Then H is unitarily equivalent to an operator in C⊕ QH with
the matrix expression

H =

(
ω0 〈ρ|·〉
ρ QH

)
, (3.18)

where ω0 = 〈ψ|Hψ〉 ∈ R and ρ = QHψ ∈ QH.

Proof. Let φ ∈ D(H), and let ξ0 = 〈ψ|φ〉, ξ = Qφ. Then (P + Q)φ = ξ0ψ+ ξ and

Hφ = (P + Q)H(ξ0ψ + ξ) = ξ0PHψ + ξ0QHψ + PHξ + QHξ =

= (ξ0 〈ψ|Hψ〉+ 〈ψ|Hξ〉)ψ + Q (ξ0Hψ + Hξ) =

= (ξ0 〈ψ|Hψ〉+ 〈QHψ|ξ〉)ψ + Q (ξ0Hψ + Hξ) , (3.19)

where in the last passage we made use of the symmetry of H and used the
relation Qξ = ξ. If we also define ρ = QHψ ∈ QH and ω0 = 〈ψ|Hψ〉 ∈ R, we
get

H(ξ0ψ + ξ) = (ω0ξ0 + 〈ρ|ξ〉)ψ + (ξ0ρ+ QHξ). (3.20)

Now, since P and Q are orthogonal projectors, up to a ψ-dependent isomor-
phism we have H ∼ PH ⊕ QH; but PH is a one-dimensional Hilbert space
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and is therefore isomorphic to C. Such an isomorphism has the following
expression:

φ ∈ H→ ξ0 ⊕ ξ = 〈ψ|φ〉 ⊕ Qφ ∈ C⊕ QH, (3.21)

and its inverse is

(ξ0 ⊕ ξ) ∈ C⊕ QH→ φ = ξ0ψ + ξ ∈ H. (3.22)

H is isomorphically equivalent to an operator defined in C ⊕ D(QH) and
whose expression on a generic ξ0 ⊕ ξ in its domain is

H(ξ0 ⊕ ξ) = (ω0ξ0 + 〈ρ|ξ〉)⊕ (ξ0ρ+ QHξ), (3.23)

or, in matrix form, up to a unitary equivalence one has

H =

(
ω0 〈ρ|·〉
ρ QH

)
, (3.24)

thus completing the proof.

Here is when cyclic vectors and cyclic subspaces come into play:

Proposition 3.13. If QH|QH has a cyclic vector φ, H is unitarily equivalent to a
Friedrichs-Lee Hamiltonian in C⊕ L2(R, dµQH,φ).

Proof. Let φ ∈ QH a cyclic vector for QH; by prop. 3.9, QH is isomorphic to
L2(R, dµQH,φ) through the unitary transformation Sφ : f ∈ L2(R, dµQH,φ) →
Sφ(f) = f(QH)φ ∈ QH and again by prop. 3.9 QH|QH is unitarily equivalent
to the position operator Ω in L2(R, dµQH,φ). Therefore H ∼ C⊕ L2(R, dµQH,φ)
through the transformation S = 1 ⊕ Sφ, and H is unitarily equivalent to the
operator with formal matrix representation

H =

(
ω0 〈g|·〉
g Ω

)
, (3.25)

where g = S−1
φ ρ; this is a Friedrichs-Lee Hamiltonian.

This is a simple yet insightful result: despite having been introduced to
model a specific kind of physical system, namely a qubit interacting with
a structured bath, under certain conditions the Friedrichs-Lee model arises
naturally whenever we fix some initial state ψ of a Hamiltonian system.

Before coming back to the analysis of the Friedrichs-Lee model, we will
furnish a proposition that proves useful if one wants to check whether, given
a Hamiltonian H and ψ ∈ H, QH|QH does admit any cyclic vector. For this
purpose, we need to compute the PVM associated to this operator.

Proposition 3.14. The resolvent operator of QHQ is

RQHQ(z) = −1

z
P + RH(z)− 〈ψ|RH(z) ·〉

〈ψ|RH(z)ψ〉
RH(z)ψ. (3.26)
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Proof. To calculate the resolvent of the self-adjoint operator QHQ one has to
solve the equation

(QHQ− z)ξ = ϕ (3.27)

for a given ϕ ∈ H and ξ ∈ D(QHQ) = D(H). By the splitting ϕ = Pϕ + Qϕ
and ξ = Pξ + Qξ, one gets

− zPξ = Pϕ, (QHQ− z)Qξ = Qϕ. (3.28)

The first equation is of immediate solution:

Pξ = −1

z
Pϕ. (3.29)

By making use of Prop. 3.12 the second equation reads

(H− z)Qξ − 〈g|ξ〉ψ = Qϕ, (3.30)

and by applying the resolvent of H it becomes

Qξ − 〈g|ξ〉RH(z)ψ = RH(z)Qϕ. (3.31)

A projection on the vector ψ gives the following formula for 〈g|ξ〉

〈g|ξ〉 = − 1

〈ψ|RH(z)a〉
〈ψ|RH(z)Qϕ〉, (3.32)

whence
Qξ = RH(z)Qϕ− 1

〈ψ|RH(z)ψ〉
〈ψ|RH(z)Qϕ〉RH(z)ψ. (3.33)

Note that
RH(z)Pϕ− 1

〈ψ|RH(z)ψ〉
〈ψ|RH(z)Pϕ〉RH(z)ψ = 0, (3.34)

whence
Qξ = RH(z)ϕ− 1

〈ψ|RH(z)ψ〉
〈ψ|RH(z)ϕ〉RH(z)ψ. (3.35)

By putting together (3.29) and (3.35) the theorem follows.

Corollary 3.1. The resolvent operator of QH|QH is

RQH|QH
(z) = RH(z)|QH −

〈ξ|RH(z) ·〉
〈ξ|RH(z)ξ〉

RH(z)ξ, (3.36)

and RQH|QH
(z) maps QH into itself.

By evaluating the resolvent of QH|QH through this formula, one may find
the family of spectral measures associated with it and therefore its PVM; this
allows to search for cyclic vectors. If a cyclic vector does exist, H is unitarily
equivalent to a Friedrichs-Lee Hamiltonian and an explicit expression for the
isomorphism can be found.
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3.2 Spectrum, resolvent and dynamics

After having defined the Friedrichs-Lee Hamiltonian, we will now evaluate
its resolvent and therefore, through our discussion in the first chapter, its
dynamical properties.

3.2.1 Resolvent of the Friedrichs-Lee model

The resolvent RHg(z) of the Friedrichs-Lee Hamiltonian can be explicitly eval-
uated; by prop. 1.7, the evolution group UHg(t) can be computed through
eq. (1.23). Let us begin by evaluating the resolvent of the free Hamiltonian:

Proposition 3.15. H0 has spectrum σ(H0) = {ω0}∪ supp(µ), where supp(µ) is the
support of the measure µ, and its resolvent RHg(z) is

RH0(z) =

(
Rω0(z) 0

0 RΩ(z)

)
, (3.37)

where Rω0(z) = 1/(ω0 − z) and RΩ(z) = (Ω− z)−1.

Proof. By proposition 3.3, σ(Ω) = supp(µ), hence the claim follows since H0 =
ω0⊕Ω. The evaluation of the resolvent also follows from proposition D.9.

Proposition 3.16. The projection-valued measure PH0 associated with H0 is PH0 :
B ∈ B(R)→ PH0(B) = δω0(B)⊕ PΩ(B), with PΩ(B) = TχB by prop. 3.4.

Proof. It follows by a direct calculation:∫
R
ω dPH0(ω) =

∫
R
ω dδω0(ω)⊕

∫
R
ω dPΩ(ω) = ω0 ⊕ Ω = H0. (3.38)

Proposition 3.17. The spectral measure µH0,f0⊕f associated with H0 and a generic
f0 ⊕ f ∈ H is µH0,f0⊕f = |f0|2δω0 + µΩ,f , that is, for any B ∈ dµ(ω)(R),

µH0,f0⊕f (B) = |f0|2δω0(B) +

∫
B

|f(ω)|2 dµ(ω) (3.39)

Proof. It follows from props. 3.16 and 3.5.

Prop. 3.17 implies that the spectral measures associated with H0 are ob-
tained as the sum of an absolutely continuous component with respect to µ,
and the pure point term δω0 ; ω0 may or may not be an isolated point of the
spectrum. Notice that the measure associated with the state 1 ⊕ 0 is δω0 , and
thus pure point; by prop. 1.7 this implies a periodic motion and therefore the
absence of decay. This is physically consistent: without any coupling with
the environment, no decay phenomenon can take place.

For evaluating the resolvent of Hg, a preliminary lemma will be useful.
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Proposition 3.18. The integral

Sg(z) = 〈g|RΩ(z)g〉 =

∫
R

|g(ω)|2

ω − z
dµ(ω). (3.40)

converges for any z ∈ ρ(H0) and defines a Herglotz function, that is, z ∈ C± =⇒
Sg(z) ∈ C±.

Proof. By hypothesis, either z is not real or, if real, it is outside supp(µ) and
therefore there exists a neighborhood of z with zero measure; this prevents
the integral to diverge in z. Therefore 1/|ω−z| admits some µ-essential bound
M and the integrand is controlled byM |g(ω)|2. Since g ∈ L2(R, dµ), its square
modulus is integrable and therefore the integral converges absolutely. Finally
one proves straightforwardly (see prop. E.2) that Sg(z) ∝ =(z) with a positive
multiplicative constant, henceforth the claim.

Sg(z) is the Borel transform of the finite Borel measure µ̃ characterized
by dµ̃(ω) = |g(ω)|2dµ(ω); basic definitions and propositions about Herglotz
functions and Borel transforms can be found in Appendix E. We will refer to
Sg(z) as the self-energy2 of Hg; as we will explain further, Sg(z) "contains" the
effect of the coupling qubit-field on the dynamics.

Let us proceed by evaluating the resolvent of the full Friedrichs-Lee Hamil-
tonian; this will require a nontrivial calculation.

Proposition 3.19. For all g ∈ L2(R, dµ) the resolvent operator RHg(z) of the
Friedrichs-Lee Hamiltonian Hg defined in (3.7) is

RHg(z) = RH0(z) +
1

ω0 − (z + Sg(z))

(
Sg(z)

ω0−z −〈g|RΩ(z)·〉
−RΩ(z)g 〈g|RΩ(z)·〉RΩ(z)g

)
, (3.41)

with Sg(z) given in eq. (3.40), and z ∈ ρ(Hg), which is the set of all z ∈ ρ(H0) except
real solutions of the equation ω0 − z = Sg(z).

Proof. Let g ∈ L2(R, dµ) and z ∈ ρ(H0); if 1 + RH0(z)Vg is invertible, then by
formal steps

(Hg − z)−1 = [(H0 − z) + Vg]
−1 =

= [(H0 − z) (1 + RH0(z)Vg)]
−1 = [1 + RH0(z)Vg]

−1 RH0(z). (3.42)

Eq. (3.42) implies that, for any z ∈ ρ(H0), (Hg − z)−1 exists iff [1 + RH0(z)Vg]
−1

exists, and is bounded iff the latter is bounded; in that case it is the resol-
vent of Hg. Let us search for an inverse operator for 1 + RH0(z)Vg. In matrix
representation,

1 + RH0(z)Vg =

(
1 〈g|Rω0(z) ·〉

RΩ(z) g 1

)
. (3.43)

2This quantity, in fact, differs from the standard definition of self-energy found in most
references about the Friedrichs-Lee model by a rotation in the complex plane and an imagi-
nary multiplicative factor.
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Consider a bounded operator in H with formal matrix expression(
cz 〈hz|·〉
kz Az

)
, (3.44)

where cz ∈ C, hz, kz ∈ L2(R, dµ), and Az is a bounded operator in L2(R, dµ).
Let us impose the following equation for the operator in (3.44):(

cz 〈hz|·〉
kz Az

)(
1 Rω0(z) 〈g|·〉

RΩ(z)g 1

)
=

(
1 0
0 1

)
; (3.45)

explicitly: (
cz + 〈hz|RΩ(z)|g〉 czRω0(z) 〈g|·〉+ 〈hz|·〉
kz + AzRΩ(z)g Rω0(z) 〈g|·〉 kz + Az

)
=

(
1 0
0 1

)
. (3.46)

Equating the elements in the first row of (3.46) we obtain{
cz + 〈hz|RΩ(z)g〉 = 1;

〈hz|·〉 = −czRω0(z) 〈g|·〉 ;
(3.47)

inserting the second equation in the first one we get

cz − czRω0(z)Sg(z) = 1, (3.48)

with Sg(z) = 〈g|RΩ(z)|g〉 as defined in eq. (3.40). This equation can be solved
for cz as long as Rω0(z)Sg(z) 6= 1, that is, Sg(z) 6= ω0 − z. This is always
the case outside the real line: if, for instance, =(z) > 0, then =(ω0 − z) < 0
and, since Sg is a Herglotz function by prop. 3.18, =(Sg(z)) > 0 and thus the
equality cannot hold, compatibly with the fact that the resolvent of a self-
adjoint operator cannot admit singularities outside the real line. Excluding
real solutions (if any), we have

cz =
1

1−Rω0(z)Sg(z)
= 1 +

Rω0(z)Sg(z)

1−Rω0(z)Sg(z)
. (3.49)

hz can also be found:

〈hz|·〉 = − Rω0(z)

1−Rω0(z)Sg(z)
〈g|·〉 . (3.50)

Now let us search for kz and Az. Imposing the equality of the elements in the
second row of (3.46) we get{

kz = −AzRΩ(z)g;

Az = 1−Rω0 〈g|·〉 kz;
(3.51)
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inserting the second equation in the first one and solving for kz, we get

kz = − 1

1−Rω0(z)Sg(z)
RΩ(z)g, (3.52)

and
Az = 1 +

Rω0(z)

1−Rω0(z)Sg(z)
RΩ(z) 〈g|·〉 g, (3.53)

where again the denominators do not vanish by prop. 3.18. We have proven
that the inverse operator of 1 + RH0(z)Vg exists and is bounded:

[1 + RH0(z)Vg]
−1 = 1 +

1

1−Rω0(z)Sg(z)

(
Sg(z)Rω0(z) −Rω0(z) 〈g|·〉
−RΩ(z)g Rω0(z) 〈g|·〉RΩ(z)g

)
.

(3.54)
Inserting (3.54) in equation (3.42) and writing Rω0(z) = 1/(ω0 − z), eq. (3.41)
is readily obtained.

Notice that the spectrum of Hg is obtained by adding to σ(H0) the so-
lutions to the equation ω0 − z = Sg(z). As anticipated, the Friedrichs-Lee
Hamiltonian has an explicitly computable resolvent, provided that Sg(z) is
computable; this allows us to find closed expressions for its dynamics. Re-
verting this point of view, one may model a physical system whose dynamics
is experimentally known, then search for a self-energy Sg(z) that yields the
desired dynamics, and finally evaluate the form factor g from it.

3.2.2 Friedrichs-Lee dynamics

Given f0 ⊕ f ∈ H, and defining

F0(z)⊕ F (z) = RHg(z)(f0 ⊕ f), (3.55)

by eq. (3.41) one has

F0(z) =
f0

ω0 − z − Sg(z)
−
∫
R

g(ω′)f(ω′)

(ω0 − z − Sg(z))(ω′ − z)
dµ(ω′); (3.56)

F (ω, z) =
f(ω)

ω − z
− f0g(ω)

(ω0 − z − Sg(z))(ω − z)
+

+

∫
R

g(ω)g(ω′)f(ω′)

(ω0 − z − Sg(z))(ω − z)(ω′ − z)
dµ(ω′), (3.57)

where F (ω, z) = F (z)(ω). Besides, for t > 0, by prop. 1.23 the following
equation holds:

f0(t)⊕ f(t) =
1

2πi
PV

∫ iε+∞

iε−∞
e−izt(F0(z)⊕ F (z)) dz, (3.58)
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where
f0(t)⊕ f(t) = UHg(t)(f0 ⊕ f), (3.59)

ε > 0 is arbitrary and the integral is to be intended in the Bochner sense,
holds in a dense subspace of H. This implies that, for t > 0,

f0(t) =
1

2πi
PV

∫ iε+∞

iε−∞
e−iztF0(z) dz (3.60)

and

f(t) =
1

2πi
PV

∫ iε+∞

iε−∞
e−iztF (z) dz; (3.61)

the latter equality is to be intended in the L2(R, dµ) sense and implies, µ-a.e.,

f(ω, t) =
1

2πi
PV

∫ iε+∞

iε−∞
e−iztF (ω, z) dz. (3.62)

It is particularly interesting to examine the evolution of the state 1⊕ 0, repre-
senting a qubit in the excited eigenstate interacting with a field in the vacuum
state. From eqs. (3.56), (3.57) one has, by substituting f0 = 1 and f = 0,

F0(z) =
1

ω0 − z − Sg(z)
; (3.63)

F (ω, z) = − g(ω)

(ω0 − z − Sg(z))(ω − z)
. (3.64)

The measure µ enters eqs. (3.63), (3.64), and therefore the dynamics of the
system, only through the self-energy Sg(z). Finally, by eqs. (1.31), (3.63), (3.64)
the survival amplitude of 1⊕ 0 is

Γ1⊕0,Hg(t) = f0(t) =
1

2πi
PV

∫ iε+∞

iε−∞

e−izt

ω0 − z − Sg(z)
dz. (3.65)

For a fixed form factor g this formula allows to compute the survival ampli-
tude by analytically extending the integrand to the lower half-plane, where
singularities may emerge, and using the standard tools of complex analysis.
Examples of Friedrichs-Lee Hamiltonians for which closed expressions can
be obtained will be studied in the last chapter.

3.3 Summary

We have introduced the Friedrichs-Lee Hamiltonian and studied its mathe-
matical features; besides, we have also observed that its structure presents
characters of universality. However, a nontrivial request in its definition still
makes our model unsuitable for many physically interesting cases: indeed,
we required the form factor g, which controls the coupling between our two-
level system and the field, to be a square-integrable function with respect
to the measure µ of the field frequencies; this excludes, in general, the case
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of a flat coupling (g = 1), in which every quantum can be exchanged with
the same probability; indeed, if (and only if) µ is an infinite measure, such a
physical situation cannot be directly modeled by a Friedrichs-Lee Hamilto-
nian.

In the context of our discussion in the introductory chapter, the request
for a "singularly coupled" Friedrichs-Lee Hamiltonian also arises from the
fact that the vacuum state of a regularly coupled Friedrichs-Lee model cannot
exhibit exponential behavior at small times, since it belongs to the domain of
the Hamiltonian and by prop. 1.3 this implies a Gaussian behavior at small
times. The next chapter is devoted to a rigorous definition of a singularly
coupled Friedrichs-Lee Hamiltonian.



Chapter 4

The singular coupling limit

In this chapter a limiting procedure to model a flat coupling between qubit
and field is described: a suitable sequence of Friedrichs-Lee Hamiltonians
converging pointwise to a constant-valued function is constructed and its
limiting behavior is studied; this procedure is commonly referred to as the
singular coupling limit. For a better understanding, a general discussion
about resolvent convergence is premised.

4.1 Resolvent convergence and dynamical conver-
gence

As previously stated, the form factor g ∈ L2(R, dµ) in the expression of the
Friedrichs-Lee Hamiltonian Hg controls the coupling between the qubit and
the field. On physical grounds, we would like to study the case of a "white"
form factor, namely a constant nonzero g, corresponding to the case in which
every available frequency quantum can be exchanged with the same proba-
bility. However, such a function is obviously not in L2(R, dµ) whenever µ is
infinite, as must often be assumed. This would prevent us to describe a flat
coupling in many interesting cases, e.g. when µ is the Lebesgue measure or
the counting measure on an unbounded countable set.

For this purpose, in this section we will study two definitions of conver-
gence for sequences of unbounded self-adjoint operator (Hn)n∈N, namely the
resolvent and dynamical convergence; we will prove that they are equiva-
lent in the strong sense. Some references for resolvent and dynamical con-
vergence include [25, 28, 31]. The singular limiting procedure is performed
in the next section.

4.1.1 Convergence of bounded and unbounded operators

The space B(H) of bounded linear operators on H is naturally endowed with
three standard definitions of convergence, which we recall for completeness.

Definition 4.1. Let {Hn}n∈N and H ∈ B(H). Then

• Hn converges in norm to H ⇐⇒ ‖Hn − H‖ → 0;

• Hn converges strongly to H ⇐⇒ ∀ψ ∈ H : ‖(Hn − H)ψ‖ → 0;
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• Hn converges weakly to H ⇐⇒ ∀ψ, φ ∈ H : 〈φ|(Hn − H)ψ〉 → 0,

where the limit n→∞ is understood.

By the Cauchy-Schwarz inequality, one can easily show that norm con-
vergence implies strong convergence and strong convergence implies weak
convergence.

Now, obviously the notion of norm convergence cannot be extended to
unbounded operators; besides, since an unbounded operator is defined in a
subspace of H, we would have domain issues1 with strong and weak conver-
gence. Restricting to the case of self-adjoint operators Hn with a self-adjoint
limit H, the basic idea is to resort to the convergence of suitable bounded op-
erators associated with Hn and H; since both RH(z) and UH(t) are bounded for
every self-adjoint H, we can easily obtain two definitions of convergence of
unbounded self-adjoint operators.

Definition 4.2. Let {Hn}n∈N and H self-adjoint operators in H. Then Hn converges
to H in the norm, strong, or weak resolvent sense iff for all z ∈ C\R: RHn(z) con-
verges in norm, strongly, or weakly to RH(z), respectively.

Definition 4.3. Let {Hn}n∈N and H self-adjoint operators in H. Then Hn converges
to H in the norm, strong, or weak dynamical sense iff for all t ∈ R: UHn(t) converges
in norm, strongly, or weakly to UH(t), respectively.

Having proven, in the previous section, that the resolvent and the evo-
lution group are linked by an integral transform, we clearly expect to find a
link between those notions of convergence; this will indeed be the case.

4.1.2 Properties of the resolvent convergence

First of all notice that, in fact, weak resolvent convergence is equivalent to
strong resolvent convergence:

Proposition 4.1. Hn converges in the strong resolvent sense to H iff it converges in
the weak resolvent sense to it.

Proof. It is easy to show2 that, in general, strong convergence is equivalent
to weak convergence plus the convergence of norms; therefore, it suffices to

1Indeed, as we will see soon, this happens in the study of the singular coupling limit
in a quite dramatic way: one has a sequence {Hn}n∈N of unbounded self-adjoint operators
defined on the same domain D(H0); however, if one considers the action of Hn on some vectors
in D(H0), there is no limit for n → ∞ in the Hilbert space. As it turns out, Hn converges to
an operator H∞ with D(H∞) 6= D(H0) in an appropriate sense to be defined in this section.

2 Indeed, given (An)n∈N ⊂ B(H) and A ∈ B(H), we have

‖ (An − A)ψ‖2 = 〈(An − A)ψ| (An − A)ψ〉 =

= ‖Anψ‖2 + ‖Aψ‖2 − 〈Anψ|Aψ〉 − 〈Aψ|Anψ〉 ; (4.1)

If An → A weakly, 〈Anψ|Aψ〉 and 〈Aψ|Anψ〉 converge to ‖Aψ‖2; as a result, strong conver-
gence is obtained iff ‖Anψ‖ → ‖Aψ‖.
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prove that, ∀ψ ∈ H, ‖RHn(z)ψ‖ → ‖RH(z)ψ‖. We have

‖RHn(z)ψ‖2 = 〈RHn(z)ψ|RHn(z)ψ〉 = 〈ψ|RHn(z)∗RHn(z)ψ〉 =

= 〈ψ|RHn(z)RHn(z)ψ〉 =
i

2=(z)
(〈ψ|RHn(z)ψ〉 − 〈ψ|RHn(z)ψ〉) , (4.2)

where we have used the identity RHn(z)∗ = RHn(z) and eq. (A.3). Since Hn →
H in the weak resolvent sense, the scalar products converge to 〈ψ|RH(z)ψ〉 and
〈ψ|RHn(z)ψ〉; repeating the previous steps in the converse order we prove the
claim.

As a consequence, we are left with only two nonequivalent notions of
resolvent convergence. We proceed by showing that the norm and strong
resolvent convergences are "natural" extensions of the usual notions of norm
and strong convergence: when dealing with uniformly bounded operators,
ordinary and resolvent convergence are equivalent.

Proposition 4.2. Let RHn(z) → RH(z) a sequence of uniformly bounded operators,
that is, sup{‖Hn‖} <∞. Then Hn → H in norm (resp. strongly) iff Hn → H in the
norm (resp. strong) resolvent sense.

Proof. Applying the second resolvent identity (A.4) we get

RHn(z)− RH(z) = RHn(z)(H− Hn)RH(z), (4.3)

and since, by eq. (A.7), ‖RHn(z)‖ ≤ 1/|=(z)| and ‖RH(z)‖ ≤ 1/|=(z)|, it fol-
lows immediately that norm (resp. strong) convergence implies norm (resp.
strong) resolvent convergence. Besides, we have

Hn − H = (Hn − z)− (H− z) =

(Hn − z)RH(z)(H− z)− (Hn − z)RHn(z)(H− z) =

= (Hn − z) [RH(z)− RHn(z)] (H− z), (4.4)

and since ‖Hn − z‖ ≤ ‖Hn‖ + |z| < sup{‖Hn‖} + |z| < ∞ and ‖H − z‖ ≤
‖H‖+|z| <∞, it follows again that norm (resp. strong) resolvent convergence
implies norm (resp. strong) convergence.

Notice that we have used the hypothesis of uniform boundedness only in
the converse implication: norm and strong convergence are therefore slightly
stricter than norm and strong resolvent convergence for bounded operators.
The equivalence is established only for uniformly bounded sequences.

Now we examine the relation between resolvent and dynamical conver-
gence. It turns out that they are equivalent in the strong sense, but not in the
norm sense.

Proposition 4.3. Hn → H in the strong resolvent sense iff Hn → H in the strong
dynamical sense. Besides, if Hn → H in the norm dynamical dense, then Hn → H in
the norm resolvent sense.
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Proof. We can show this as a direct consequence of propositions 1.6 and 1.7;
for a more general approach, see e.g. [31]. Since RH(z) = RH(z)∗ and UH(−t) =
UH(t)∗, it will suffice to consider z ∈ C+ and t ∈ R+.

First, let Hn → H in the strong dynamical sense. By eq. (1.20), ∀ψ ∈ H we
have

(RHn(z)− RH(z))ψ = i

∫ ∞
0

eizt (UHn(t)− UH(t))ψ dt, (4.5)

and by dominated convergence we get Hn → H in the strong resolvent sense.
Furthermore, let Hn → H in the norm dynamical sense. We have

‖ (RHn(z)− RH(z))ψ‖
‖ψ‖

≤
∫ ∞

0

e−σt‖ (UHn(t)− UH(t)) ‖ dt; (4.6)

since ψ ∈ H is arbitrary, the previous inequality holds for the supremum of
the left-hand term of eq. (4.6), which is the operator norm of RHn(z)− RH(z).
We get

‖RHn(z)− RH(z)‖ ≤
∫ ∞

0

e−σt‖ (UHn(t)− UH(t)) ‖ dt, (4.7)

and again the claim follows by dominated convergence.
Conversely, by eq. (1.23) the relation

(UHn(t)− UH(t))ψ =
eγt

2πi

∫ +∞

−∞
e−iλt [RHn(λ+ iε)− RH(λ+ iε)]ψ dλ (4.8)

holds, and (again by the dominated convergence theorem) implies UHn(t)ψ →
UH(t)ψ, provided that ψ in a dense subspace of H; a straightforward density
argument3 implies that it holds in the whole H, and therefore Hn → H in the
strong dynamical sense.

An important remark follows. We have proven that norm dynamical con-
vergence implies norm resolvent convergence using the fact that eq. (4.5)
holds for every ψ ∈ H, which allows us to take the supremum in eq. (4.6);
this does not work in the converse case, since eq. (4.8) does not hold in the
whole H. Indeed, as can be shown (see eg. [25] for a simple counterexample)
the norm dynamical convergence is a stricter condition than norm resolvent
convergence, despite the fact that the two notions of convergence are equiv-
alent in the strong sense! Luckily, as previously discussed, strong dynamical
convergence is enough for our purposes.

3 Let ψ ∈ H; then, for every ε > 0, there exists φ so that ‖ψ − φ‖ < ε/3 and eq. (4.8) holds.
At the same time, ‖(UHn)(t) − UH(t))φ‖ → 0 and therefore we can find N ∈ N so that, for
n ≥ N , ‖(UHn)(t)− UH(t))φ‖ ≤ ε/3. As a result,

‖(UHn(t)− UH(t))ψ‖ ≤ ‖(UHn(t)− UH(t))(ψ − φ)‖+ |(UHn(t)− UH(t))φ‖ ≤
≤ ‖UHn(t)‖‖ψ − φ‖+ ‖ (UHn(t)− UH(t))φ‖ − ‖UH(t)‖‖ψ − φ‖ =

= 2‖ψ − φ‖+ ‖ (UHn(t)− UH(t))φ‖ ≤ 2ε/3 + ε/3 = ε; (4.9)

this proves that, by choosing a large enough n, ‖(UHn(t) − UH(t))ψ‖ can be made smaller
than any fixed ε > 0, henceforth the claim. This is a common argument often referred to as
the "ε/3 trick".



Chapter 4. The singular coupling limit 48

These results allow us to study the limiting behavior of sequences of
Hamiltonian through the following steps:

1. We evaluate the resolvent of Hn and search for a norm or strong limit of
the sequence RHn(z);

2. If such a limit exists, we verify that it is indeed the resolvent of some
self-adjoint operator H. If this is the case, Hn does admit a limit in the
(norm or strong) resolvent sense;

3. By proposition 4.1.2 we can find the dynamics of the limiting Hamilto-
nian by finding the strong limit of the evolution group.

In the remainder of the thesis this simple technique will be applied to the
Friedrichs-Lee model.

4.2 The singular coupling limit

In this section the singular coupling limit of the Friedrichs-Lee Hamilto-
nian will be performed: defining a sequence of Friedrichs-Lee Hamiltonians
whose form factors approach a constant value, the existence of a limiting
operator in the norm resolvent sense is proven and an explicit expression is
given.

4.2.1 Limit of the resolvent

The basic idea to rigorously "force" a constant form factor in our formalism is
to define a properly chosen sequence of Friedrichs-Lee Hamiltonians with
form factors {gn}n∈N converging pointwise to a constant value g; up to a
proper rescaling of frequencies, without loss of generality we can choose
g = 1. The simplest choice is a sequence of characteristic functions associ-
ated with a sequence of intervals {In}n∈N which cover, in the limit n → ∞,
the whole real line. By dominated convergence one readily proves that, in
this case,

∀f ∈ L2(R, dµ) : lim
n→∞

‖(1− χIn)f‖ = 0. (4.10)

The shorthand 1n = χIn will be adopted in the following. Given such a se-
quence of real intervals, let us define Hn as the Friedrichs-Lee Hamiltonian
with form factor 1n:

Hn =

(
ω0 〈1n|·〉
1n Ω

)
, (4.11)

and RHn(z) its resolvent as given by eq. (3.41):

RHn(z) = RH0(z) +
1

ω0 − (z + Sn(z))

(
Sn(z)
ω0−z −〈1n|RΩ(z) ·〉

−RΩ(z)1n 〈1n|RΩ(z) ·〉RΩ(z)1n

)
,

(4.12)
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or, using the equalities 〈1n|RΩ(z)·〉 = 〈RΩ(z)1n|·〉 and, defining for every z ∈
ρ(H0) the function sz as

sz : ω ∈ R→ sz(ω) =
1

ω − z
, (4.13)

we have

RHn(z) = RH0(z) +
1

ω0 − (z + Sn(z))

(
Sn(z)
ω0−z −〈sz̄1n|·〉
−sz1n 〈sz̄1n|·〉 sz1n

)
. (4.14)

FIGURE 4.1: Real and imaginary part of sz(ω) with z = i.

From the previous equation two necessary conditions for the existence
of a limit in the (both norm and strong) resolvent sense can be found, both
regarding the function sz. First, eq. (4.14) shows that the resolvent of the
Friedrichs-Lee Hamiltonian Hn depends on 1n(ω)sz(ω), which is in L2(R, dµ)
since 1n ∈ L2(R, dµ) and sz is µ-essentially bounded as discussed in prop
3.18. But, since 1n approaches pointwise a constant function, we need sz to
be in L2(R, dµ) in order to have a well-defined limit in the (norm or strong)
resolvent sense. Besides, convergence in the (norm or strong) resolvent sense
requires Sn(z), which by eq. (3.40) is

Sn(z) =

∫
R

1n(ω)

ω − z
dµ(ω) =

∫
In

1

ω − z
dµ(ω) =

∫
In

sz(ω) dµ(ω), (4.15)

(we used eq. (4.13) in the last equality) to admit a finite limit as n → ∞.
This is not generally true even if sz is square integrable, since for an infinite
measure L2(R, dµ) * L1(R, dµ) nor the converse is true. Notice that such
a request does not imply necessarily that sz belongs to L1(R, dµ): we only
require {In}n∈N to be chosen in such a way that the limit above exists, not
necessarily indipendent of the particular choice of intervals.
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Our hypotheses are therefore as follows:

Hypothesis 1. µ is a (possibly infinite) regular Borel measure such that sz ∈
L2(R, dµ) ∀z ∈ ρ(H0);

Hypothesis 2. {In}n∈N is a sequence of real intervals, covering R as n→∞, such
that the integral in eq. (4.15) has a finite limit S∞(z) as n→∞.

As it will be found in the next chapter, such hypotheses are indeed satis-
fied in physically interesting cases. Let us proceed by verifying that they are
indeed sufficient to ensure the existence of a norm4 limit for the resolvent.

Proposition 4.4. Let µ and {In}n∈N satisfying the previous hypotheses, and let
RHn(z) as defined in eq. (4.14). Then ∀z ∈ C\R, RHn(z) converges in norm to the
operator R∞ defined as follows:

R∞(z) = RH0(z) +
1

ω0 − (z + S∞(z))

(
S∞(z)
ω0−z −〈sz̄|·〉
sz 〈sz̄|·〉 sz

)
, (4.16)

where S∞(z) is the limit of Sn(z).

Proof. Eq. (4.10) and hypothesis 1 imply that sz1n → sz; by Riesz theorem
this also implies that 〈sz1n|·〉 → 〈sz|·〉 and 〈sz1n|·〉 sz1n → 〈sz|·〉 sz. Finally,
Sn(z)→ S∞(z) by hypothesis 2. This completes the proof.

Notice that R∞(z) has been defined for z ∈ C\R, since our definition of
resolvent convergence only involves nonreal z, but it is readily extended to
every z ∈ ρ(H0) not solving the equation ω0 − z = S∞(z); this set will be
referred to as ρ∞.

4.2.2 Range of the limit resolvent

Norm resolvent convergence of the sequence {Hn}n∈N has not been proven
yet: R∞(z) must be the resolvent of some self-adjoint operator H∞; this im-
plies, first of all, that R∞(z) must have dense range in H, since its correspond-
ing Hamiltonian, if any, will have domain in its range; besides, it must be
indipendent of z.

Now, since we know that the Friedrichs-Lee Hamiltonian has domain
D(Hn) = D(H0) indipendent of the form factor, the range of RHn(z) is the
same for every n; therefore, one could naively expect the range of R∞(z) to
be the same, since RHn(z) → R∞(z) in norm. However, such an implication
does not hold in the general case and indeed does not hold here: as n → ∞,
the range changes; as it will be explained, this is a direct consequence of the

4In principle, since by prop. 4.3 strong resolvent convergence is equivalent to strong dy-
namical convergence, it would be sufficient to search for a strong resolvent sense, which
generally follows under weaker hypotheses. However, the hypotheses in the previous para-
graph are necessary for both kinds of convergence, so there would not be any advantage in
searching for a strong limit instead.
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fact that 1n does not admit a limit in L2(R, dµ). To show this, apply RHn(z) to
a generic f̃0 ⊕ f̃ ∈ H. After some algebra one has

RHn(z)(f̃0 ⊕ f̃) = f0 ⊕ (f̃ − f01n)sz (4.17)

with

f0 =
f̃0 − 〈sz1n|f̃〉

ω0 − (z + Sn(z))
. (4.18)

Since 1n ∈ L2(R, dµ), f̃−f01n ∈ L2(R, dµ); this shows that, incorporating f01n
in the definition of f̃ , the most generic f0 ⊕ f in the range of the resolvent is
characterized by f = f̃ sz for some f̃ ∈ L2(R, dµ) and z ∈ ρ(Hn). Since the
converse is also trivially true, one gets5

R(RHn(z)) =
{
f0 ⊕ f ∈ H : ∃f̃ ∈ L2(R, dµ) : f = f̃ sz

}
. (4.19)

As for R∞(z), applying eq. (4.10)

R∞(z)(f̃0 ⊕ f̃) = f0 ⊕ (f̃ − f0)sz, (4.20)

with

f0 =
f̃0 − 〈sz|f̃〉

ω0 − (z + S∞(z))
. (4.21)

Now the term between parentheses in eq. (4.20) is no longer a function in
L2(R, dµ), since the second term f0 is a constant and µ is an infinite measure;
therefore R(R∞(z)) 6= R(RHn(z)). Instead,

Proposition 4.5. ∀z ∈ ρ∞ the range of R∞(z) is

R(R∞(z)) =
{
f0 ⊕ f ∈ H : ∃f̃ ∈ L2(R, dµ) : f = (f̃ − f0)sz

}
; (4.22)

Proof. Eqs. (4.20), (4.21) show that the first set in eq. (4.22) is a subset of the
second one. To show the converse, just notice that any f0 ⊕ (f − f̃)sz can be
obtained as R∞(z)(f̃0 ⊕ f̃) with f̃0 given by solving eq. (4.21) for f̃0.

In the following the shorthand R(z) = R(R∞(z)) will be used. Now, as
a necessary condition for R∞(z) to be the resolvent of some operator, R(z)
must be independent of z; this is indeed the case:

Proposition 4.6. R(z) does not depend on z.

Proof. Let z, z′ ∈ ρ∞ with z′ 6= z. Given an arbitrary f0 ⊕ f ∈ R(z), with
f = (f̃ − f0)sz for some f̃ ∈ L2(R, dµ), we can write

f(ω) =
f̃(ω)− f0

ω − z
=
f̃(ω)− f0

ω − z′

(
1− z′ − z

ω − z

)
. (4.23)

5It is known that R(RHn(z)) = D(H0) = C⊕D(Ω); one can verify that eq. (4.19) is indeed a
characterization of D(H0), and does not depend on z, with an approach similar to props. 4.5
and 4.6.
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After some algebra, this expression simplifies as

f(ω) =
f̃ ′(ω)− f0

ω − z′
, (4.24)

where

f̃ ′(ω) = f̃(ω)

(
1− z′ − z

ω − z

)
+ f0

z′ − z
ω − z

, (4.25)

which is in L2(R, dµ); this proves that f0 ⊕ f ∈ R(z′) as well. Since the
converse is identically proven, this shows that R(z) = R(z′).

As a trivial consequence, if R is defined as follows,

R =
{
f0 ⊕ f ∈ H : ∃f̃ ∈ L2(R, dµ),∃z ∈ ρ∞ : f = (f̃ − f0)sz

}
, (4.26)

then R(z) = R for every z ∈ ρ∞.
Another necessary condition for R∞(z) to be the resolvent of a limiting

Hamiltonian is to have a dense range. This can be shown easily:

Proposition 4.7. R is dense in L2(R, dµ).

Proof. Given f0 ⊕ f ∈ H, define

fn(ω) =
((ω − z)f(ω) + f0) 1n(ω)− f0

ω − z
, (4.27)

which is in R ∀n ∈ N. fn → f by eq. (4.10), and therefore f0⊕fn → f0⊕f .

4.2.3 The limiting Hamiltonian

Summing up, we have found a family of bounded operators R∞ : z ∈ ρ∞ →
R∞(z), with dense range R indipendent of z, so that ∀z ∈ C\R RHn(z) →
R∞(z) in the norm resolvent sense; these are necessary conditions for the
existence of a limit in the resolvent sense with resolvent R∞(z). As previously
observed, R 6= D(H0); in fact, R * D(H0) and D(H0) * R. Indeed, examining
eqs. (4.19), (4.22) one readily observes that their intersection is the space of
all f0 ⊕ f such that f0 = 0 and f = f̃ sz, which is a proper subspace of both
R and D(H0) (and is not even dense in H!). This domain issue is an example
of the fact that, as discussed in the previous section, strong convergence is
not a good choice for sequences of unbounded operators. Indeed, applying
Hn to some f0 ⊕ f ∈ D(H0), that is (recall eq. (4.19)) with f = f̃ sz for some
f̃ ∈ L2(R, dµ) and z ∈ C\R, by eq. (4.11) one gets

Hn

(
f0

f̃ sz

)
=

(
ω0f0 + 〈1nsz|f̃〉
f01n + Ω(f̃ sz)

)
, (4.28)

which does not admit a limit in H since 1n does not converge to any func-
tion in L2(R, dµ). However, the second component of the formal vector in
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eq. (4.28) does admit a pointwise limit:

∀ω ∈ R : f01n(ω) +
ωf̃(ω)

ω − z
→ f0 +

ωf̃(ω)

ω − z
. (4.29)

Let us consider f = (f̃ − f0)sz. This vector is no longer in the domain of Ω;
however, reasoning heuristically, one has

∀ω ∈ R : f01n(ω) +
ωf̃(ω)

ω − z
− ωf0

ω − z
→ ωf̃(ω)

ω − z
− zf0

1

ω − z
, (4.30)

which is a function that does belong toL2(R, dµ).6 This suggests that a reason-
able guess for our limiting Hamiltonian H∞ would be obtained by choosing
the second component of H∞(f0 ⊕ f) with f = (f̃ − f0)sz) as Ω(f̃ sz) − zf0sz.
Furthermore, by eq. (4.28) for every finite n substituting f = (f̃ − f0)sz one
gets

ω0f0 + 〈1n|(f̃ − f0)sz〉 = ω0f0 +

∫
In

f̃(ω)

ω − z
dµ(ω)− f0

∫
In

1

ω − z
dµ(ω), (4.31)

which is well-defined and, by hypothesis 2, admits a finite limit as n→∞:

ω0f0 + 〈1n|(f̃ − f0)sz〉 → ω0f0 + 〈sz|f̃〉 − f0S∞(z). (4.32)

This heuristic discussion suggests the following ansatz for the limiting
Hamiltonian.

Definition 4.4. Let H = C⊕ L2(R, dµ). The operator H∞ is defined as follows:
D(H∞) = R;

H∞

(
f0

f

)
=

(
〈sz̄|f̃〉+ f0(ω0 − S∞(z))

Ω(f̃ sz)− zf0sz

)
,

(4.33)

with R as defined in eq. (4.26) and f = (f̃ − f0)sz for some f̃ ∈ L2(R, dµ) and
z ∈ ρ∞.

Proposition 4.8. ∀z ∈ ρ∞, H∞ − z is the inverse operator of R∞(z).

Proof. Let f̃0⊕ f̃ ∈ H; R∞(z) maps it in f0⊕ f ∈ R, with f0 given by eq. (4.21)
and f = (f̃−f0)sz; therefore, (H∞ − z) R∞(z) is directly obtained substituting
f0, as given by eq. (4.21), in eq. (4.33) and. A simple calculation shows that

(H∞ − z) R∞(z)

(
f̃0

f̃

)
=

(
f̃0

f̃

)
, (4.34)

6On a purely heuristic level, one could justify the need for vectors f0 ⊕ f with f = (f̃ −
f0)sz as a "trick" to eliminate the "divergent term" f0 from eq. (4.29) by means of another
divergent term which has to be linear in f0. This argument can be made rigorous with the
aid of Gelfand triples, as explained at the conclusion of this chapter; properties of Gelfand
triples are recalled in Appendix F.
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thus proving the claim.

Proposition 4.9. H∞ is self-adjoint.

Proof. H∞ is densely defined by prop. 4.7, so H∗∞ does exist; symmetry of H∞
is proven by a direct calculation, so H∞ ⊂ H∗∞. To complete the proof, one
must prove that D(H∗∞) ⊂ D(H∞). Let χ0 ⊕ χ ∈ D(H∗∞); from the definition
of the adjoint operator, there is χ̂0 ⊕ χ̂ ∈ H so that

∀f0 ⊕ f ∈ D(H∞) : 〈χ̂0 ⊕ χ̂|f0 ⊕ f〉 = 〈χ0 ⊕ χ|H∞ (f0 ⊕ f)〉 . (4.35)

The equality above must hold for every f0⊕ f ∈ D(H∞); in particular it must
hold for f0 = 0, and therefore f(ω) = f̃(ω)/(ω− z) for some f̃ ∈ L2(R, dµ). In
this case, eq. (4.35) implies that

∀f̃ ∈ L2(R, dµ) :

∫
R

f̃(ω)

ω − z

[
χ̂(ω)− χ0 − ωχ(ω)

]
dµ(ω) = 0, (4.36)

which implies
ωχ(ω) = −χ0 + χ̂(ω), (4.37)

and then, given an arbitrary z ∈ ρ∞,

(ω − z)χ(ω) = −χ0 + (χ̂(ω)− zχ(ω)). (4.38)

Finally, defining χ̃ = χ̂− zχ ∈ L2(R, dµ),

χ(ω) =
χ̃(ω)− χ0

ω − z
. (4.39)

This proves that D(H∗∞) ⊂ D(H∞) and henceforth the proposition.

The main result of this chapter can be finally stated and proven:

Theorem 4.10. The operator H∞ defined in eq. (4.33) is the norm resolvent limit
of the family of Hamiltonians {Hn}n∈N defined in eq. (4.11). Its resolvent set is
ρ(H∞) = ρ∞.

Proof. Since H∞ is self-adjoint by prop. 4.9, it is closed a fortiori and therefore
it admits a resolvent operator RH∞(z) in some set ρ(H∞); prop. 4.8 then im-
plies that ρ(H∞) = ρ∞ and, ∀z ∈ ρ∞, RH∞(z) = R∞(z) as given by eq. (4.16).
Prop. (4.4) completes the proof.

By prop. 1.7 the limiting evolution group UH∞(t) can be computed as fol-
lows for t > 0:

UH∞(t)(f0 ⊕ f) =
1

2πi
PV

∫ iε+∞

iε−∞
e−iztRH∞(z)(f0 ⊕ f) dz; (4.40)

since this equation holds in a dense subspace of H, the evolution of the system
in the singular coupling limit is uniquely determined.
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Finally, the survival amplitude of 1 ⊕ 0 can be readily found similarly to
eq. (3.65):

Γ1⊕0,H∞(t) =
1

2πi
PV

∫ iε+∞

iε−∞

e−izt

ω0 − z − S∞(z)
dz; (4.41)

again, the dependence on the measure µ is contained in the self-energy func-
tion S∞(z), that controls the singularities of the integral kernel in eq. (4.41).
These are the same expressions that one would have found through a straight-
forward (albeit nonrigorous) cutoff procedure, that is, by evaluating the dy-
namics of the Friedrichs-Lee model with form factor 1n and thereafter taking
the limit n → ∞, thus bypassing the evaluation of H∞; however, our proce-
dure makes explicit the fact that a singularly coupled Hamiltonian does exist
and is self-adjoint, and therefore, according to the axioms of quantum me-
chanics, does correspond to a physically observable quantity; in other words,
the singular coupling limit has physical valence, and the limit dynamics is
unitary.

4.2.4 Singular coupling limit and Gelfand triples

To conclude our discussion, we will show that the singular coupling limit of
the Friedrichs-Lee model arises in a natural way through the use of Gelfand
triples. A Gelfand triple is an algebraic construct that allows us to "enlarge"
our Hilbert space in such a way to rigorously perform the formal calculations
of the standard Dirac (bra-ket) notation; they are introduced and discussed
in Appendix F.

In bra-ket notation, the Friedrichs-Lee Hamiltonian in eq. (3.13) can be
written as follows:

Hg =

(
ω0 〈g|
|g〉 Ω

)
. (4.42)

Now, given a sequence {Hn}n∈N with form factor 1n as defined in eq. 4.11, one
would like to find such a matrix representation for the singularly coupled
Hamiltonian H∞ in eq. (4.33); in order to make this rigorously, the Gelfand
triple formalism is necessary. In bra-ket notation

Hn =

(
ω0 〈1n|
|1n〉 Ω

)
, (4.43)

where now, following our previous discussion, |1n〉 and 〈1n| can be respec-
tively interpreted as the antilinear and linear functional acting on D(Ω) as
follows:

|1n〉 : f ∈ D(Ω)→ 〈f |1n〉 =

∫
In

f(ω) dµ(ω); (4.44)

〈1n| : f ∈ D(Ω)→ 〈1n|f〉 =

∫
In

f(ω) dµ(ω). (4.45)

These functionals may be extended in such a way to act on the whole Hilbert
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space L2(R, dµ) or a properly chosen subspace of it; one can choose a sub-
space in which eqs. (4.44), (4.45) have a finite limit; in this subspace, the lim-
iting functionals |1〉 and 〈1| are simply defined as the strong limits of |1n〉 and
〈1n|. In particular, it is known that the limiting Hamiltonian H∞ must have
domain D(H∞) = R, with R defined as in eq. (4.26): the second component
of the most generic f0 ⊕ f ∈ R can be written as f = (f̃ − f0)sz for some
f̃ ∈ L2(R, dµ) and f0 ∈ C, and sz(ω) = 1/(ω − z). One has

〈1n|f〉 =

∫
In

f̃(ω)

ω − z
dµ(ω)− f0

∫
In

1

ω − z
dµ(ω). (4.46)

Since both f̃ and (by hypothesis 1) sz are in L2(R, dµ), the first integral in
eq. (4.46) simply converges, as n → ∞ and independently of the choice of
{In}n∈N, to the scalar product 〈sz|f̃〉; as for the second integral, despite sz not
being generally integrable, by hypothesis 2 this quantity admits a finite limit
S∞(z). Therefore |1〉 and 〈1| can be defined for such functions:

〈1| : f = (f̃ − f0)sz → 〈1|f〉 = lim
n→∞

〈1n|f〉 = 〈sz|f̃〉 − f0S∞(z); (4.47)

|1〉 : f = (f̃ − f0)sz → 〈f |1〉 = lim
n→∞

〈f |1n〉 = 〈f̃ |sz〉 − f0S∞(z). (4.48)

The fact that 〈1| and |1〉 are well-defined on such functions may suggest such
a guess for the limiting Hamiltonian:

H∞ =

(
ω0 〈1|
|1〉 Ω

)
, (4.49)

but this cannot obviously be true for two reasons: firstly, a vector f0⊕D(H∞)
would be mapped "outside" L2(R, dµ), since one would obtain the quantity
f0 |1〉 in the second component of H∞(f0 ⊕ f); secondly, as discussed, f =

(f̃ − f0)sz is not generally in D(Ω) since sz /∈ D(Ω). The idea is to tackle
both issues together by replacing the position operator with an operator Ω∞
which acts as Ω on the regular part f̃ sz and treats the singular part in such
a way to cancel out the term f0 |1〉 that arises from the action of the ket |1〉,
with an extra term to ensure linearity of the final result in f0:

Ω∞ : f = (f̃ − f0)sz → Ω∞f = Ω(f̃ sz)− f0 |1〉 − f0zsz, (4.50)

which is a correctly defined linear operator from D(H∞) to D(H∞)×, the latter
being the space of antilinear functionals acting on D(H∞). The reader is en-
couraged to compare this discussion to the heuristic argument that has been
used (see. eq. (4.29)) to justify the guess for the limiting Hamiltonian.

Let us define H∞ as follows:

H∞ =

(
ω0 〈1|
|1〉 Ω∞

)
; (4.51)
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applying it to a vector f0 ⊕ f ∈ D(H∞) one obtains

H∞

(
f0

f

)
=

(
〈sz|f̃〉+ f0(ω0 − S∞(z))

Ω(f̃ sz)− zf0sz

)
, (4.52)

which is the same as eq. 4.33; thus, by prop. 4.10, the operator with formal
matrix expression (4.51) is the singular coupling limit.

Summing up, making use of the Gelfand triple formalism, a matrix ex-
pression has been found for H∞ in a rigorous way: this matrix contains ele-
ments which, taken individually, would map D(H∞) in a larger space than H,
but whose combined action correctly defines an operator H∞ : D(H∞) ⊂ H →
H. The use of Gelfand triples allows to rigorously write H∞ in a matrix form
analogous to the one of the regularly coupled Friedrichs-Lee Hamiltonian,
thus making apparent the link between the two operators.

4.3 Summary

The singular coupling limit of the Friedrichs-Lee Hamiltonian has been per-
formed: if µ satisfies some technical hypotheses, a Hamiltonian describing
the limiting case of a constant-valued form factor can be found. Of course,
the same procedure may be generalized for other non-square integrable form
factors. The limiting procedure has also been performed in a slightly differ-
ent way involving the so-called Gelfand triples, an algebraic construction
that "enlarges" the Hilbert space. Gelfand triples furnish a mathematically
rigorous basis to the Dirac (bra-ket) formalism often used in the physical lit-
erature.

In the next and last chapter, some examples of (both regularly and sin-
gularly coupled) Friedrichs-Lee Hamiltonians will be studied. In particular,
reconnecting to the discussion in the first chapter, we will show that a singu-
larly coupled Friedrichs-Lee Hamiltonian with Lebesgue measure does ex-
hibit an exact exponential (Markovian) decay of the vacuum state; instead,
by choosing a discrete measure with uniform spacing, the vacuum state does
decay in an exactly exponential way only until a fixed time; at large times
non-Markovian oscillations take place, a phenomenon which may be referred
to as hidden non-Markovianity.

Obviously, our formalism is sufficiently general to be adapted to many
other choices of measure; this may inspire further theoretical, numerical and
experimental analyses.



Chapter 5

Examples of Friedrichs-Lee
Hamiltonians

In this conclusive chapter some instances of Friedrichs-Lee models, both reg-
ularly and singularly coupled, are examined; the dynamical evolution of the
two-level system in its excited eigenstate with the vacuum of the bosonic
field theory is studied. It is verified that, by assuming a Lebesgue measure
for the frequencies of the bath, this state undergoes an exact quantum ex-
ponential decay at all times; a discretization of the frequencies modifies this
picture in an interesting way.

5.1 Friedrichs-Lee Hamiltonian with Cauchy mea-
sure

As an example of analytically solvable Friedrichs-Lee Hamiltonian we con-
sider the measure µ characterized by dµa(ω) = ga(ω) dω, where

|ga(ω)|2 =
λ2

π

a

(ω − ωm)2 + a2
, (5.1)

for some λ > 0, a > 0, ωm ∈ R; this is a Cauchy distribution centered in ωm,
with FWHM1 2a, multiplied by a coupling constant λ > 0. This model, al-
ready studied e.g. in [9], may be equivalently interpreted as a Friedrichs-Lee
Hamiltonian with finite measure µ and flat coupling, or else with Lebesgue
measure and form factor g.

In this section, omitting the dependence on λ, the Friedrichs-Lee Hamil-
tonian with Cauchy measure µa will be referred to as Ha.

5.1.1 General features

Since the Cauchy measure has support supp(µ) = R, by prop. 3.3 it is known
that σ(Ω) = R and therefore the free Friedrichs-Lee Hamiltonian has spec-
trum σ(H0) = R; this implies that σ(Ha) = R ∀a > 0 as well. The evolution

1"FWHM" stands for "full width at half maximum"; the FWHM of the peak of a function is
the distance between the two points in which the function has a value equal to half the peak
amplitude. It estimates the width of the peak and is particularly useful for those functions
that do not admit a standard deviation, as the Cauchy distribution.
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FIGURE 5.1: Normalized Cauchy distribution with ωm = 0 for
various values of its FWHM a; smallest values of a corresponds

to more peaked curves.

group of the interacting Friedrichs-Lee Hamiltonian with Cauchy measure
can be obtained by computing the self-energy for z ∈ C\R:

Sa(z) =

∫
R

1

ω − z
dµa(ω) =

λ2a

π

∫
R

1

(ω2 + a2)(ω + ωm − z)
dω, (5.2)

where in the second equality a simple substitution has been performed. This
integral can be easily computed through an integration in the complex plane,
since the integrand can be analytically extended to a meromorphic function
with three simple poles in ±ia and z − ωm; since the latter pole may be in
either the upper or lower half-plane according to the sign of =(z), the cases
z ∈ C+ and z ∈ C− are to be treated separately; in fact, since Sa(z) = Sa(z), as
usual we only need to perform the calculation only e.g. in the case z ∈ C+.

For a fixed z ∈ C+, the complex extension of the integrand in eq. (5.2)
has one pole in the lower half-plane, namely −ia, whose residue is easily
computed:

Res(−ia) =
1

2ia(z + ia− ωm)
, (5.3)

and therefore, applying the residue theorem and Jordan’s lemma,

Sa(z) =
λ2a

π

∫
R

1

(ω2 + a2)(ω + ωm − z)
dω =

λ2

ωm − z − ia
. (5.4)
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This result holds for z ∈ C+. Since, as already stated, Sa(z) = Sa(z), we can
write the full expression of the self-energy as follows:

Sa(z) =


λ2

ωm − z − ia
, z ∈ C+;

λ2

ωm − z + ia
, z ∈ C−.

(5.5)

FIGURE 5.2: 3D and contour plot of the absolute values of the
self-energy Sa(z) (upper figures) and the function S−a (z), for
a = 1, λ = 1, ωm = 1. The self-energy, defined for z ∈ C\R, is
analytic in each half-plane and has a cut in R. By analytically
extending the lowest branch in the upper half-plane one obtains
S−a (z); this is a meromorphic function with one pole in z = 1+i.

The self-energy is obviously not defined in R: there is a branch cut on the
real line, and there are no poles, as expected from the general theory. However,
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both branches of Sa(z) can indeed be analytically extended to the other half-
plane; one may immediately define two functions

S+
a : z ∈ C\{ωm − ia} → S+

a (z) =
λ2

ωm − z − ia
; (5.6)

S−a : z ∈ C\{ωm + ia} → S−a (z) =
λ2

ωm − z + ia
, (5.7)

where ωm ∓ ia are simple poles for S±a ; see fig. 5.2 for a graphical insight.
Summing up, the self-energy has two separate branches in the half-planes,

both analytically extensible to the other half-plane; this implies that F0(z) it-
self, as usual defined as

F0(z) =
1

ω0 − z − Sa(z)
, (5.8)

will have such a structure. Let us study the case z ∈ C+. Inserting the self-
energy in the general expression we obtain

F0(z) =
z + ia− ωm

(z − ω0)(z + ia− ωm)− λ2
, (5.9)

which again can be immediately extended to the lower half-plane; let F+
0 (z)

this extension. To compute the survival probability, we must search for poles
of F+

0 (z); the poles, if any, must be in the lower half-plane, as follows from
the general theory. These are obtained by solving a quadratic equation:

z± =
1

2

[
(ω0 + ωm)− ia±

√
Λ + 2ia∆ω2

]
, (5.10)

where ∆ω = ω0 − ωm and Λ = ∆ω2 + 4λ2 − a2. To separate the real and
imaginary parts of the poles, observe that

√
Λ + 2ia∆ω2 =

√
Λ +
√

Λ2 + 4a2∆ω4

2
+ i

√
−Λ +

√
Λ2 + 4a2∆ω4

2
, (5.11)

and therefore we can write the two poles as z± = −iγ±/2 + ω±m, where

ω±m =
1

2

ω0 + ωm ±

√
Λ +
√

Λ2 + 4a2∆ω4

2

 ; (5.12)

− γ±
2

=
1

2

−a±
√
−Λ +

√
Λ2 + 4a2∆ω4

2

 . (5.13)
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Notice that, as long as Λ ≥ 0, γ± ≥ 0; besides, γ± = 0 only in the limit a→ 0.
Now that the poles have been found, we can write F+

0 (z) as

F+
0 (z) =

z + ia− ωm
(z − z+)(z − z−)

, (5.14)

and the integral residua are readily found:

Z±a = ResF0(z±) = ±z± + ia− ωm
z+ − z−

= ±
(ω±m − ωm) + i

(
γ±
2

+ a
)

√
Λ + 2ia∆ω2

; (5.15)

therefore the survival amplitude is

Γ1⊕0,a(t) = Z+
a e
−i γ+

2
te−iω

+
mt + Z−a e

−i γ−
2
te−iω

−
mt. (5.16)

For every positive value of a, the result is a combination of two exponentially
decaying functions. At large times, the slower exponential function domi-
nates and the decay is indeed exponential; the same cannot happen, indeed,
at small times, since the state 1⊕0 does belong to the domain of the regularly
coupled Friedrichs-Lee Hamiltonian and therefore, by prop. 1.3, we expect a
quadratic behavior for the survival probability.

The poles and their residua depend nontrivially on three parameters:

• The coupling constant λ;

• The peak frequency ωm of the Cauchy distribution, and then the dis-
tance ∆ω between the ground frequency ω0 and ωm;

• The width a of the Cauchy distribution;

varying λ, ∆ω and a one can study a rich variety of physically interesting
case. Here, for the sake of brevity, we only focus on one interesting limiting
case.

5.1.2 Dirac coupling as a limiting case

The Cauchy distribution in eq. (5.1) is defined for a > 0, and does not ad-
mit any limiting function as a → 0; however, since the function is correctly
normalized for every a, it is easy to prove that µa converges, in the measure-
theoretical sense, to the Dirac measure λ2δωm , or, equivalently, that |ga(ω)|2
converges, in the distributional sense, to the Dirac distribution λ2δωm . There-
fore the family of Friedrichs-Lee Hamiltonians Ha with measure µa converges,
at least in the strong resolvent sense, to the Friedrichs-Lee Hamiltonian with
measure λ2δωm , as one may prove by explicitly computing it.

In this limit one obtains γ± = 0: the poles of F0(z) reach the real axis and
no exponential decay takes place. Physically this result can be interpreted
as follows: if our distribution is sharply peaked, the characteristic time τ± =
1/γ± of both exponentials will be much larger than the periods of oscillations;
if τ± get larger than the typical time scale of the experiment, no decay will
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FIGURE 5.3: Contour plot of the absolute value of F0(z) with
λ = 2, ω0 = 0, ωm = 1, and a = 0, 1, . . . , 7 from upper left
to lower right. In the limit of Dirac coupling a → 0 we have
two real poles, and therefore only an oscillatory behavior; as
a grows, the two poles acquire a negative imaginary part (and
therefore the decay starts setting up), and one of the two poles
dominates the other one. For large a the dominating pole is
close to the imaginary axis, and the decaying behavior is mostly

exponential.
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take place. The two oscillation frequencies are

ω±m =
1

2

[
ω0 + ωm ±

√
∆ω2 + 4λ2

]
, (5.17)

and an immediate computation gives

ResF0(z±) =
1

2

[
1± ∆ω√

∆ω2 + 4λ2

]
. (5.18)

We obtain

Γ1⊕0,0(t) =
∑
α=±1

1

2

[
1 + α

∆ω√
∆ω2 + 4λ2

]
eiω

α
mt. (5.19)

As a result, the qubit state has two distinct oscillatory modes whose differ-
ence depends on the coupling constant λ; the dynamics is the same of a two-
level Hamiltonian system with eigenvalues ω±m, which is obvious on physical
grounds. The free solution f0(t) = eiω0t is recovered in the limit λ→ 0, whilst,
if we let λ→∞ (physically, if the coupling constant is much bigger than the
frequencies ω0 and ω∗) we have z± = ±iλ and then

Γ1⊕0,0(t) = cos(λt). (5.20)

5.2 Singular FL Hamiltonian with Lebesgue mea-
sure

The Friedrichs-Lee model as usually defined in the literature is obtained by
taking µ as the Lebesgue measure ` on the real line; this corresponds to a
physical situation in which the quanta exchanged between a generic system
and the environment can take, in principle, every value of frequency ω ∈ R,
without preferences. This may be the case, for instance, for a two-level atom
interacting with an electromagnetic field. If one can assume a flat coupling
between atom and field, on physical grounds one expects an exponential de-
cay of the excited state; indeed, the singularly coupled Friedrichs-Lee model
with Lebesgue measure exhibits such a phenomenon, as it will be proven in
this section. The same model has been studied e.g. in [2].

5.2.1 Existence of the singular coupling limit

Let ` be the Lebesgue measure on the real line; the common shorthands
L2(R, d`) ≡ L2(R) and d`(ω) = dω will be used in the following. Since ` has
support supp(µ) = R, by prop. 3.3 it is known that σ(Ω) = R and therefore
σ(H0) = R; again, as a consequence, σ(Hg) = R for any form factor g.

Let us verify that the Friedrichs-Lee Hamiltonian with Lebesgue measure
satisfies the hypotheses 1, 2 at the root of the singular limiting procedure. It
is immediate to show that sz(ω) = 1/(ω − z) is in L2(R) for every z ∈ C\R,
since it has no finite singularities and vanishes for |ω| → ∞ as ω−2; it must
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be proven that there exists a suitable family2{HΛ}Λ>0 that satisfies the second
hypothesis. Let z = x+ iy, with x 6= 0 and y > 0:

1

ω − z
=

ω − x
(ω − x)2 + y2

+ i
y

(ω − x)2 + y2
. (5.21)

The second term in the equation above is integrable in R, with∫
R

y

(ω − x)2 + y2
dω =

∫
R

y

ω2 + y2
dω = π, (5.22)

independently of the choice of the limiting procedure, whilst the first one is
not integrable, since it vanishes for |ω| → ∞ as ω−1. However, let Λ1, Λ2 > 0;
by simple algebraic passages one gets∫ Λ2

−Λ1

ω − x
(ω − x)2 + y2

dω =

∫ Λ2−x

−Λ1−x

ω

ω2 + y2
dω =

1

2
log

[
(Λ2 − x)2 + y2

(Λ1 + x)2 + y2

]
. (5.23)

The limiting behavior of this quantity as Λ1, Λ2 → ∞ depends on the choice
of direction in the parameter space; the only choice that produces a nonzero
finite limit is Λ2 = αΛ1 for some nonzero α ∈ R; from the equation above we
have

lim
Λ→∞

∫ αΛ

−Λ

ω − x
(ω − x)2 + y2

dω = logα, (5.24)

and, as a result, ∀z ∈ C+,

lim
Λ→∞

∫ αΛ

−Λ

1

ω − z
dω = logα + iπ. (5.25)

For z ∈ C−0, one obviously gets

lim
Λ→∞

∫ αΛ

−Λ

1

ω − z
dω = logα− iπ. (5.26)

Remarkably, this limit does not depend on z ∈ C\R, apart from the sign
of the imaginary part; this will have crucial dynamical consequences. Also
notice that the limit depends on α.

5.2.2 Dynamics of the singular Hamiltonian

As a result, the Lebesgue measure satisfies the necessary and sufficient hy-
potheses for the existence of the singular coupling limit. The family {HΛ}Λ>0

of Friedrichs-Lee Hamiltonians with form factors gΛ chosen as

gΛ(ω) =

√
γ

2π
1Λ,α(ω), (5.27)

2The discussion about convergence of sequences of operators holds without substantial
differences for uncountable families.
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where γ > 0, admits a singular coupling limit H∞ with S∞ given by eqs.
(5.26), (5.25) as follows:

S∞ =


γ

2π
(logα + iπ), z ∈ C+;

γ

2π
(logα− iπ), z ∈ C−.

(5.28)

For future convenience, replace α with the parameter δω defined as follows:

δω = − γ

2π
logα, (5.29)

so that

S∞ =


1

2
iγ − δω, z ∈ C+;

−1

2
iγ − δω, z ∈ C−.

(5.30)

The self-energy is defined separately in the upper and lower half-plane, and
again each branch is extensible to the other half-plane; however, the situation
is greatly simplified by the fact that each branch is nothing but a constant; no
poles for the self-energy arise.

Restricting again to the case z ∈ C+, we can study the dynamics for this
Hamiltonian; since now computations are easy, we will evaluate the entire
evolution of a generic state f0 ⊕ f ∈ H. The action of the limiting evolu-
tion group UH∞(t) can be computed3 by making use of the fact that, by eq.
(3.13), the evolution group is the strong Fourier-Laplace inverse transform of
RH∞(z)(f0 ⊕ f) multiplied by −i. Using again the standard notation

F0 ⊕ F (z) = RH∞(z)(f0 ⊕ f) (5.31)

and defining ωS = ω0 + δω, one readily obtains:

F0(z) =
f0

ωS − z − iγ/2
−
√

γ

2π

1

ωS − z − iγ/2

∫
R

f(ω′)

ω′ − z
dω′; (5.32)

F (ω, z) =
f(ω)

ω − z
−
√

γ

2π

f0

(ωS − z − iγ/2)(ω − z)
+

+
γ

2π

1

(ωS − z − iγ)(ω − z)

∫
R

f(ω′)

ω′ − z
dω′. (5.33)

Notice that, since sz ∈ L2(R), this formula holds for an arbitrary f0 ⊕ f .
The inverse Laplace transform of eqs. (5.32), (5.33), multiplied by −i, can be
taken:

f0(t) = f0 e
−( 1

2
γ+iωS)t − i

√
γ

2π
e−( 1

2
γ+iωS)t ?

∫
R
f(ω′) e−iω

′t dω′; (5.34)

3Recall that prop. 1.7 requires f0 ⊕ f to be in D(H∞), but, since this domain is dense in H
and the evolution group is bounded, this uniquely determines the group in the whole H.
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f(ω, t) = f(ω) e−iωt − i
√

γ

2π
f0 e

−iωt ? e−( 1
2
γ+iωS)t − (5.35)

− γ

2π
e−iωt ? e−( 1

2
γ+iωS)t ?

∫
R
f(ω′)e−iω

′t dω′, (5.36)

where ? is the convolution product; formulas from Appendix C have been
used. The only term that requires domain restrictions is the Fourier trans-
form of f ; since the latter can by extended, by Plancherel theorem, to an
operator F acting onto the whole L2(R), the action of UH∞ onto H is uniquely
determined:

f0(t) = f0 e
−( 1

2
γ+iωS)t − i

√
γ

2π
e−( 1

2
γ+iωS)t ? F [f ](t); (5.37)

f(ω, t) = f(ω) e−iωt − i
√

γ

2π
f0 e

−iωt ? e−( 1
2
γ+iωS)t −

− γ

2π
e−iωt ? e−( 1

2
γ+iωS)t ? F [f ](t). (5.38)

5.2.3 Markovian decay of the excited state

As previously discussed, a case of particular simplicity and physical interest
is the evolution of the state 1⊕ 0: on physical grounds it is expected an expo-
nential decay of f0. Indeed, substituting f0 = 1 and f = 0 in eqs. (5.37), (5.38)
one obtains

f0(t) = e−( 1
2
γ+iωS)t; (5.39)

f(ω, t) = −i
√
γ/2πe−iωt

1− e−( 1
2
γ+i(ωS−ω))t

1
2
γ + i(ωS − ω)

. (5.40)

The occupation probabilities are easily evaluated:

P0(t) = |f0(t)|2 = e−γt; (5.41)

P (ω, t) = |f(ω, t)|2 =
γ

2π

1− 2e−
1
2
γt cos [(ω − ωS)t] + e−γt

1
4
γ2 + (ω − ωS)2 , (5.42)

and one can check through a straightforward integration in the complex
plane that normalization is indeed preserved:

P (t) =

∫
R
P (ω, t) dω = 1− e−γt. (5.43)

Recalling that ωS = ω0 + δω and δω is given by eq. (5.29), the physical role of
the parameters γ and δω should now be transparent:

• γ is the damping rate of the probability occupation of the excited state;
a greater coupling between qubit and field implies a faster decay.
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FIGURE 5.4: Occupation probability P (ω, t) of frequencies with
distance ∆ω from the resonance frequency in ωS , for equally
spaced values of t between 0 and 3, with γ = 2; the orange
curve is the limiting (Cauchy) distribution for t→∞, given by
eq. (5.44). Starting from the null function at t = 0, as t increases
P (ω, t) grows rapidly at small times and eventually approaches
the limiting distribution. The resonance frequency has larger

occupation probability for every t.

FIGURE 5.5: Occupation probability P (ω, t) as in the previous
figure, but now as a function of time t for equally spaced values
of |∆ω| ranging from 0 to 5, again with γ = 2. At small times,
the occupation probability of every frequency grows quadrati-
cally; thereafter, for small shifts the occupation probability con-
tinues growing monotonically, whilst for large frequencies it os-
cillates; at large times all the probabilities approach their limit-

ing value.
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• δω is a shift of the ground frequency ω0; the coupling between qubit
and environment exhibits a resonance at ω = ω0 + δω.

Remarkably, since δω is linked to α by eq. (5.29), the resonance shift depends
on the limiting procedure.

The behavior of the occupation probabilities can be studied as functions
of ω and t. At small times, starting from P (·, 0) = 0, at the order O(t2) one
gets P (ω, t) ∼ (γ/2π)t2, independently of ω since the terms in ω cancel out;
the dependence on ω appears at times of higher order, and a peak at ω =
ω0 + δω appears and grows. At intermediate fixed times, P (ω, t) exhibits
oscillations around the mean value ω = ω0+δω; as t reaches a value about 1/γ,
the peak stops growing and the oscillations become smaller. For sufficiently
large times P (ω, t) approaches a Cauchy distribution centered in ω = ωS :

lim
t→∞

P (ω, t) =
γ/2π

1
4
γ2 + (ωS − ω)2

. (5.44)

One can also examine P (ω, ·) at fixed values of frequency. At small times,
as observed, the occupation probabilities grow identically as (γ/2π)t2; as t
increases, the probabilities of the frequencies near ωS grow rapidly with small
oscillations until they reach a limiting value given by eq. (5.44), whilst for
farther frequencies oscillations are greater and the limiting value is smaller.

5.3 Singular FL Hamiltonian with a discrete mea-
sure

Another physically interesting Friedrichs-Lee model is obtained by taking µ
with support in a countably infinite set of equally spaced real points; such a
model must be taken into account whenever the field is confined in a cavity
and thus admits only a discrete spectrum, with spacing ν0; the result of the
previous section with a free-space field must be recovered in the limit ν0 → 0.
The required measure is

µ =
∑
n∈Z

ν0 δnν0 , (5.45)

where δ is the Dirac measure centered in nν0. The Lebesgue-Stieltjes integral
on µ of an integrable function f is defined as∫

R
f(ω) dµ(ω) = ν0

∑
n∈Z

f(nν0). (5.46)

Since supp(µ) = {nν0}n∈N, the free Friedrichs-Lee Hamiltonian with measure
µ has spectrum σ(H0) = {ω0} ∪ {nν0}n∈N; by adding an interaction, solutions
(if any) of the pole equation ω0 − z = Sg(z) will add to the spectrum.
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5.3.1 Existence of the singular coupling limit

As in the previous case, the singularly coupled Hamiltonian with measure
µ exists provided that the hypotheses 1, 2 are satisfied. Through the inte-
gral test for series convergence and a comparison with the previous example
it is immediately proven that sz(ω) = 1/(ω − z) is in L2(R, dµ), but not in
L1(R, dµ); however, similarly to the Lebesgue case, one can prove that the
series is conditionally convergent, that is, the limit

lim
n→∞

αn∑
k=−n

1

kν0 − z
ν0, (5.47)

where α ∈ N, does exist, but depends on α. To evaluate it, first of all notice
that

αn∑
k=−n

1

z + k
=

n∑
k=−n

1

z + k
+

αn∑
k=n+1

1

k + z
, (5.48)

where only the second sum depends on α. Also notice that

n∑
k=−n

1

k + z
=

−1∑
k=−n

1

k + z
+

1

z
+

n∑
k=1

1

k + z
=

1

z
+

n∑
k=1

2z

k2 − z2
, (5.49)

therefore
αn∑

k=−n

1

k + z
=

1

z
+

n∑
k=1

2z

k2 − z2
+

αn∑
k=n+1

1

k + z
; (5.50)

for any z /∈ Z this sum does admit a finite limit as n → ∞ since the second
sum in eq. (5.50) converges by the integral test, and the third sum has a finite
limit since

αn∑
k=n+1

1

|k + z|
=

α(n−1)∑
k=1

1

|k + n+ z|
≤ (α− 1)n

|1 + n+ z|
∼ α. (5.51)

As a result, the function

f : z ∈ C\Z→ f(z) = lim
n→∞

αn∑
k=−n

1

k + z
∈ C (5.52)

is a well-defined meromorphic function in the complex plane, with simple
poles at every k ∈ Z, with residue 1. Now, it is easy to check that the func-
tion π cot(πz) has the very same properties. This means that the singularities
of f(z) and π cot(πz) in k ∈ Z cancel out, and therefore f(z) − π cot(πz) is
analytic in C. If f(z) is also bounded for |z| → ∞, then f(z) − π cot(πz) is
bounded and analytic: in this case, Liouville’s theorem4 implies that it must
be a constant. Indeed f is bounded as |<(z)| → ∞, since f(z + 1) = f(z) as it
is readily proven; as for the limit |=(z)| → ∞, since the third sum in eq. (5.50)

4In complex analysis, Liouville’s theorem states that the only holomorphic complex func-
tions which are bounded at infinity are the constant-valued functions.
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does not diverge in this limit because of eq. (5.49), it suffices to show that the
sum of the first two terms in eq. (5.50) evaluated in z = iy for y ∈ R

lim
y→∞

(
1

y
+ lim

n→∞

n∑
k=1

2y

y2 + k2

)
(5.53)

has a finite limit for y →∞. Indeed, defining h(x) = 2/(1 +x2) and xk = k/y,

1

y
+

n∑
k=1

2y

y2 + k2
=

1

2
h(0) +

n∑
k=1

h(xk) ∆xk, (5.54)

which is a Riemann sum for the continuous and integrable function h(x); as
a result, the limit in eq. (5.53) is finite. This implies that f(z) − π cot(πz) is
constant-valued; to evaluate its value, it suffices to evaluate it for any fixed
z. Let z = 1/2; π cot(πz) is zero in it, whilst

f(1/2) = lim
n→∞

n∑
k=−n

1

k + 1/2
+ lim

n→∞

(α−1)n∑
k=1

1

n+ k + 1/2
. (5.55)

The first term can be computed explicitly:

lim
n→∞

n∑
k=−n

1

k + 1/2
= lim

n→∞

1

n+ 1/2
= 0, (5.56)

since, for every n > 0, the (−n)th term cancels out with the (n− 1)th term; in
the limit n → ∞ the sum vanishes. The second limit exists by eq. (5.49) and
it may be proven that it equals logα.

Finally,

lim
n→∞

αn∑
k=−n

1

k + z
= π cot(πz) + logα; (5.57)

substituting z → −z/ν0 the final result, graphically represented (up to a scal-
ing factor) in fig. 5.6, is obtained:

lim
n→∞

αn∑
k=−n

1

kν0 − z
ν0 = −π cot

(
πz

ν0

)
+ logα, (5.58)

which, as expected, reduces to eq. (5.25) in the limit of null spacing ν0 → 0,
since coth(πζ)→ ∓1 as =(ζ)→ ±∞; this is made manifest in fig. 5.7.

An important point must be remarked: this calculation holds for every
z ∈ C\Z, and indeed S∞(z) = S∞(z), since this property holds for the cotan-
gent; this reflects the fact that, differently from the previous cases, now S∞(z)
has only isolated singularities instead of a branch cut on the real line; as a con-
sequence, the two half-planes are no longer disconnected.
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FIGURE 5.6: Real and imaginary part of the self-energy S∞(z)
with α = 1 and ν0 = 1.
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FIGURE 5.7: Absolute value of the self-energy for α = 1 and
ν0 = 0.8, 0.4, 0.2, 0.1, 0.01, from top to bottom and left to right;
the latter is the absolute value of the self-energy in the contin-
uum case. The discrete self-energy is a meromorphic function
whose poles tend to condensate as ν0 decreases; meanwhile,
the function diverges at the poles more and more slowly. As
a consequence, when we let ν0 → 0, the discrete set of poles

"approaches" a branch cut on the real line.
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5.3.2 Hidden non-Markovian evolution of the excited state

The previous discussion implies that the discrete measure with uniform spac-
ing ν0 satisfies, for every ν0 > 0, the conditions that ensure the existence of the
singular coupling limit. Let {Hn}n∈N the sequence of Friedrichs-Lee Hamil-
tonians with form factor

gn(ω) =

√
γ

2π
1n(ω), (5.59)

where 1n is the characteristic function of the interval [−n, αn]; the limiting
Hamiltonian H∞ is again given by eq. (4.33), and its dynamics is again char-
acterized by eq. (4.40) with

S∞(z) =
γ

2π

(
−π cot

(
πz

ν0

)
+ logα

)
, (5.60)

or, defining the frequency shift δω as in eq. (5.29),

S∞(z) = −1

2
γ cot

(
πz

ν0

)
+ δω (5.61)

Notice that, even if α = 1 and therefore δω = 0, S∞(z) has a nonzero imagi-
nary part. Also notice that, in the presence of a nonzero spacing, this limit is
no longer independent of z; this implies, in particular, that the vacuum state
1⊕ 0 will not decay exponentially at all times. Indeed, by eq. (4.41), for t > 0
we have

f0(t) =
1

2πi
PV

∫ iε+∞

iε−∞

e−izt

ωS − z + 1
2
γ cot

(
πz
ν0

) dz, (5.62)

where again ε > 0 is arbitrary. The poles are the solution of the trascendental
equation:

z = ωS +
1

2
γ cot

(
πz

ν0

)
, (5.63)

which, as we know from the general discussion, can admit only real solu-
tions, graphically represented in fig. 5.8; this clearly excludes a purely expo-
nential behavior. One may prove, with a bit of algebra, that the solutions of
this equation are expressed through a generalized version [3, 22] of the Lam-
bert function, a multivalued complex function defined as the solution of the
differential equation

zez = w. (5.64)

However we will follow a different attack strategy.
Apparently there is a sharp contrast with the limiting case ν0 → 0. How-

ever, let ζ = πz/ν0, and express cot ζ as follows:

cot ζ =
cos ζ

sin ζ
= i

eiζ + e−iζ

eiζ − e−iζ
= −i1 + ei2ζ

1− ei2ζ
(5.65)
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FIGURE 5.8: Graphical solutions of eq. (5.63).

For =(ζ) > 0 the denominator in the previous equation can be written as the
sum of a geometric series, and one has

cot ζ = −i(1 + ei2ζ)
∑
n∈N

ei2ζn = −i− 2i
∑
n≥1

ei2ζn. (5.66)

Therefore, after some algebra,(
ωS − i

γ

2
− z
)
F0(z) = 1 + iγ

∑
n≥1

e
i 2πn
ν0

z
F0(z), (5.67)

that is
F0(z) =

1

ωS − iγ2 − z
+ iγ

∑
n≥1

e
i 2πn
ν0

z F0(z)

ωS − iγ2 − z
. (5.68)

By taking the inverse Fourier-Laplace transform multiplied by−i,5, invoking
props. C.1 and C.4 and defining T = 2π/ν0, we get, for t > 0,

f0(t) = e−(iωS+ γ
2 )t − γ

∑
n≥1

θ(t− nT )
[
f0 ? e

−(iωS+ γ
2 )(·)

]
(t− nT ), (5.69)

5In Appendix C it is proven that the inverse Laplace transform of the product of two
functions is the convolution product of their inverse transforms. Here one must be careful to
multiplicative constants: by taking the inverse Laplace transform of F0(z) and F (ω, z) one
obtains respectively if0(t), if(ω, t) (and not f0(t), f(ω, t)!). This explains why the iγ factor in
eq. (5.68) becomes −γ in eq. (5.69) under inverse transformation.
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where T = 2π/ν0, θ(t) is the Heaviside step function, and ? is the convolution
product: [

f0 ? e
−(iωS+ γ

2 )(·)
]

(t) =

∫ t

0

f0(t− t′)e−(iωS+ γ
2 )t′ dt′. (5.70)

Eq. (5.69) is not in its explicit form, since f0(t) is expressed as a function
of its delayed versions. However, even without finding an explicit solution,
it clearly furnishes a nice example of hidden non-Markovianity: the system
exhibits a purely exponential (Markovian) decay up to a time T which is
inversely proportional to the eigenvalues gap ν0. At t = T , non-Markovian
deviations from the exponential law set up; eventually a recurrence will take
place, since the spectral measure associated to the initial state is purely point
by prop. 3.17, and by prop. 1.1 this implies a nonvanishing return probability
as t→∞, that is, a quasi-periodic motion.

If one wants to study quantitatively the nonexponential motion, f0(t) has
to be evaluated. For the sake of brevity, in the following we will use the
shorthand ζ = ωS − iγ/2. Let us search for a solution in the form

f0(t) =
∑
n≥0

e−iζ(t−nT )φn(t− nT )θ(t− nT ), (5.71)

where φ0(t) = 1, and φn(t) is some derivable function to be determined.
Equating eqs. (5.69), (5.71) one gets∑

n≥1

e−iζ(t−nT )φn(t− nT )θ(t− nT ) =

= −γ
∑
n≥1

e−iζ(t−nT )θ(t− nT )

∫ t−nT

0

f0(t′)eiζt
′
dt′. (5.72)

Now, in the right-hand term of this equation, by eq. (5.71) we have

eimTζ
∫ t−nT

0

f0(t′)eiζt
′
dt′ =

∫ t−nT

0

∑
m≥0

φm(t′ −mT )θ(t′ −mT ) dt′ =

=
∑
m≥0

∫ t−nT

0

φm(t′ −mT )θ(t′ −mT ) dt′ =

=
∑
m≥0

θ(t− (n+m)T )

∫ t−nT

mT

φm(t′ −mT ) dt′; (5.73)
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hence, plugging this result in eq. (5.72) and making use of the obvious equal-
ity θ(t− nT )θ(t− (n+m)T ) = θ(t− (n+m)T ),∑

n≥1

e−iζ(t−nT )φn(t− nT )θ(t− nT ) =

= −γ
∑
n≥1

∑
m≥0

e−iζ(t−(n+m)T )θ(t− (n+m)T )

∫ t−nT

mT

φm(t′ −mT ) dt′ =

= −γ
∑
n≥1

∑
m≥0

e−iζ(t−(n+m)T )θ(t− (n+m)T )

∫ t−(n+m)T

0

φm(t′) dt′ =

= −γ
∑
p≥1

p−1∑
m=0

e−iζ(t−pT )θ(t− pT )

∫ t−pT

0

φm(t′) dt′ =

= −γ
∑
p≥1

e−iζ(t−pT )θ(t− pT )

p−1∑
m=0

∫ t−pT

0

φm(t′) dt′. (5.74)

In the third equality the sum has been manipulated as follows: since the
series is convergent (for every fixed t, there are only finitely many nonzero
terms), we can conveniently rearrange terms by fixing some p = 1, 2, . . . , sum
for every n and m with the constraint n+m = p, then sum on p.

By comparing the first term in eq. (5.72) and the last term in eq. (5.74) we
finally obtain

φn(t) = −γ
n−1∑
m=0

∫ t

0

φm(t′) dt′ = −γt− γ
n−1∑
m=1

∫ t

0

φm(t′) dt′. (5.75)

φn is uniquely determined by the sum of φ0, φ1, φ2, . . . , φn−1, where we fixed
φ0 = 1; the remaining terms are easily computed by iterating: for instance
φ1(t) = −γt. For n ≥ 1 the following closed expression holds:

φn(t) =
n−1∑
m=0

(
n− 1

m

)
(−γt)m+1

(m+ 1)!
. (5.76)
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Indeed, eq. (5.76) holds for n = 1. Suppose it holds for 1, 2, . . . , n − 1; then,
using eq. (5.75 and recalling that φ0 = 1), we have

φn(t) = −γt− γ
n−1∑
m=1

∫ t

0

φm(t′) dt′ =

= −γt− γ
n−1∑
m=1

m−1∑
k=0

(
m− 1

k

)∫ t

0

(−γt′)k+1

(k + 1)!
dt′ =

= −γt− γ
n−2∑
m=0

m∑
k=0

(
m

k

)∫ t

0

(−γt′)k+1

(k + 1)!
dt′ =

= −γt+
n−2∑
m=0

m∑
k=0

(
m

k

)
(−γt)k+2

(k + 2)!
=

= −γt− γ
n−2∑
k=0

n−2∑
m=k

(
m

k

)
(−γt)k+2

(k + 2)!
. (5.77)

In the last step the double sum has been conveniently rearranged in such a
way to perform the sum on the upper component of the binomial coefficient
before performing the sum on the lower component. To clarify this point, one
may place the binomial coefficients in a triangular matrix fashion:(

0
0

)(
1
0

) (
1
1

)(
2
0

) (
2
1

) (
2
2

)
...

...
... . . .(

n−2
0

) (
n−2

1

) (
n−2

2

)
· · ·

(
n−2
n−2

)
;

the first sum in eq. (5.77) corresponds to a sum row by row, the second one
to a sum column by column. On the other hand, in eq. (5.77) we have

n−2∑
k=2

(
m

k

)
=

(
n− 1

k + 1

)
; (5.78)

this equality is commonly referred to as the hockey-stick identity and may be
easily proven. Substituting eq. (5.78) in eq. (5.77) we finally obtain

φn(t) = −γt+
n−2∑
k=0

(
n− 1

k + 1

)
(−γt)k+2

(k + 2)!
=

= −γt+
n−1∑
k=1

(
n− 1

k

)
(−γt)k+1

(k + 1)!
=

n−1∑
k=0

(
n− 1

m

)
(−γt)k+1

(k + 1)!
, (5.79)

as is eq. (5.76); our proof by induction is complete.
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Inserting φn(t), as computed in eq. (5.76), in eq. (5.71), an analytical ex-
pression for f0(t) is finally obtained and the dynamics of the system start-
ing from the vacuum state 1 ⊕ 0 can be entirely reconstructed. Notice that,
by rescaling time as t/T , f0(t) depends only on γT and ωST . The graph-
ical analysis furnished in the following clearly shows that, after an expo-
nentially decaying transitory, the survival probability exhibits an oscillatory
(non-Markovian) motion. Fixing ωST = 1 and varying the damping rate γ
one observes the following behavior for the survival probability. For large
values of γ we have an highly irregular oscillatory motion; the minima of the
function are close to zero. As γ decreases, the oscillations become more reg-
ular: a periodic structure sets up, secondary peaks become more and more
negligible, and the maxima of the function reach unity. Further decreasing of
γ leads to a decrease of the overall amplitude and an increase of the period.

5.4 Summary

The mathematical analysis of the previous chapters has been finally put into
action in some physically relevant examples. As anticipated, the singularly
coupled Friedrichs-Lee Hamiltonian with Lebesgue measure exhibits at all
times the largely discussed quantum exponential decay, and proves useful
in modeling phenomena of decay in a purely quantum theoretical frame-
work, for instance when describing an excited atom or a radioactive sub-
stance, without resuming to any a priori hypothesis of non-Markovianity.

On the other hand, the singularly coupled Friedrichs-Lee Hamiltonian
with a discrete measure behaves identically up to a threshold time T in-
versely proportional to the gap between allowed energy levels; for t ≥ T , the
motion ceases to be purely exponential and eventually a recurrent motion
sets up. This is an example of system exhibiting hidden non-Markovianity:
depending on the relevant temporal scale τ of our experiment, the exponen-
tial region may be inaccessible to observations (τ � T , that is, ν0 � 2π/τ ), or,
on the contrary, the nonexponential motion may take place after a large time
(τ � T , that is, ν0 � 2π/τ ) that could be, indeed, larger than the duration
of the experiment, thus making it inaccessible to observations; finally, if τ is
comparable with T , the threshold between exponential and nonexponential
behavior may be observed. The experimental setup and the system to be ana-
lyzed must be chosen accordingly. As a result, the discrete model offers both
numerical and experimental interesting challenges.

To conclude, it is important to stress that the mathematical framework
we have introduced is sufficiently versatile to describe many other physical
situations, both regularly and singularly coupled, by suitably choosing the
form factor g and the measure µ of the structured environment. Therefore, in
this chapter we have merely scratched the surface of a vast and florid field.
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γT = 4

γT = 3

γT = 2

FIGURE 5.9: Survival probability of the vacuum state against
t/T for t/T ∈ [0, 30], with γT ∈ {2, 3, 4} and ωST = 1.
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γT = 1

γT = 0.5

γT = 0.25

FIGURE 5.10: Survival probability of the vacuum state against
t/T , for t/T ∈ [0, 30], with γT ∈ {0.25, 0.5, 1} and ωST = 1.
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γT = 0.125

γT = 0.0625

γT = 0.03125

FIGURE 5.11: Survival probability of the vacuum state against
t/T , for t/T ∈ [0, 30], with γT ∈ {0.03125, 0.0625, 0.125} and

ωST = 1.



Conclusion and outlooks

In this work, steady mathematical roots to the description of a qubit inter-
acting with a bosonic field have been placed, both in the cases of regular and
singular coupling with the field. Our model is easily adaptable to most phys-
ical circumstances by carefully choosing the measure on the structured bath
and the form factor describing the coupling between qubit and bath: once
such a choice has been performed on physical and experimental grounds, by
calculating the self-energy the temporal behavior of the vacuum state (as for
any other state) can be obtained.

In this framework, an exponential decay for the Friedrichs-Lee model
with Lebesgue measure, usually obtained in the literature through a heuris-
tic cutoff procedure, has been obtained; in addition, we have noticed that the
resonance frequency depends on the limiting procedure itself: an asymmetric
cutoff shifts the resonance.

Besides, our formalism has been applied to the Friedrichs-Lee model with
a discrete measure, and an interesting phenomenon has been discovered:
the decay is exactly exponential up to a time depending on the level spac-
ing, thereafter oscillations set up; non-Markovian effects are delayed and,
depending on the typical time scale of the experiment, they may be "hid-
den", hence the name of hidden non-Markovianity. We were able to obtain,
through recursion, an exact analytical expression for the time behavior of
the survival probability. Future developments of this subjects may involve a
more thorough study of the non-Markovian Friedrichs-Lee dynamics.

Here we have only analyzed specific choices that allow analytical expres-
sions; in the most generic case one may resort to numerics or to perturbative
calculations. First and foremost, it would be interesting to rigorously study a
singularly coupled Friedrichs-Lee Hamiltonian with a fractal spectrum [15],
that is, with a uniform measure having support in an uncountable set of zero
Lebesgue measure, the Cantor middle-third set being a notorious example.
Such measures are singular continuous (with respect to Lebesgue measure),
and therefore, from our general discussion, every spectral measure is sin-
gular continuous itself. As observed in the introductory chapter, singular
continuous spectral measures are characterized by a weak decay: the time
average of the survival probability decays, but the probability itself may or
may not. Singular continuous measures, once believed to be unphysical, are
nowadays a hot topic in condensed matter physics; the framework devel-
oped here may inspire further developments in this subject.

Further developments may also involve the restriction of the Lee model
to higher excitation sectors of the Fock space, or by adapting the same for-
malism to systems with more than two energy levels.
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Spectrum, resolvent and PVMs

In this Appendix we review some basic concepts about the spectral theory
of self-adjoint operators in a Hilbert space H that are used in the body text.
We define the spectrum and resolvent of a closed linear operator in a Hilbert
space and recall some useful properties of the resolvent operator; thereafter
we enunciate the celebrated spectral theorem for self-adjoint operators and
define spectral measures. Some standard references are [25, 31].

Definition A.1. Let H be a complex, separable Hilbert space with scalar product
〈·|·〉, and let A be a closed1 operator acting onto a dense subspace D(A) of H. The
resolvent set ρ(A) of A is defined as

ρ(A) =
{
z ∈ C : (A− z)−1 ∈ B(H)

}
, (A.2)

where B(H) is the space of bounded linear operators in H; its complement σ(A) =
C\ρ(A) is the spectrum of H.

It may be shown that σ(A) ⊂ R iff A is self-adjoint. Notice that the spec-
trum is a generalization of the set of eigenvalues of an operator in a finite-
dimensional space. Indeed, z ∈ ρ(A) means that the operator A − z does not
admit a bounded inverse; since in a finite-dimensional space every linear op-
erator is bounded, in that case z ∈ ρ(H) iff A− z is not invertible at all, that is,
if it has a nontrivial null space and therefore an eigenvector with eigenvalue
z. In the most general case, however, A− z can admit an unbounded inverse,
and therefore σ(A) has generally a much richer structure.

Definition A.2. Let z ∈ ρ(H) and ρ(H) the resolvent set of H; the operator RH(z) =
(H− z)−1 ∈ B(H) is the resolvent operator (or simply the resolvent) of H in z.

Some well-known results about the operator-valued function z ∈ ρ(H)→
RH(z) ∈ B(H) are reported here for the sake of completeness; for their proofs,
see e.g. [31].

Proposition A.1 (First resolvent identity). ∀z, z′ ∈ ρ(H) :

RH(z)− RH(z′) = (z − z′)RH(z)RH(z′). (A.3)
1An operator is said to be closed if its graph Γψ,H(A), defined as follows:

Γψ,H(A) = {(φ, ψ) ∈ D(A)× H : ψ = Aφ}, (A.1)

is closed under the direct sum topology. One can show that every self-adjoint operator is
indeed closed. See e.g. [31] for further details.
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Proposition A.2 (Second resolvent identity). Let H,K two closed operators with
D(K) ⊂ D(H). ∀z ∈ ρ(H) ∩ ρ(K),

RH(z)− RK(z) = RH(z)(K− H)RK(z); (A.4)

moreover, if D(K) = D(H),

RH(z)− RK(z) = RK(z)(K− H)RH(z). (A.5)

Proposition A.3. ρ(H) is an open subset of C, and the function z ∈ ρ(H)→ RH(z)
is analytical in it; in particular, given z0 ∈ ρ(H), then

∀z ∈ C, |z − z0| < dist(z0, σ(H)) : RH(z) =
∑
k∈N

(z − z0)k [RH(z)]k+1 . (A.6)

Proposition A.4. σ(H) ⊂ R iff H is self-adjoint. Besides, if H is self-adjoint, we
have

‖RH(z)‖ ≤ 1

|=(z)|
. (A.7)

In the following we will always restrict to the case of self-adjoint opera-
tors, and therefore the estimate (A.7) will always hold.

A crucial mathematical result is the spectral theorem for self-adjoint op-
erators in a Hilbert space. To introduce it, for the sake of completeness we
recall the important concept of projection-valued measure (PVM).

Definition A.3. Let B(R) the σ-algebra of all Borel subsets of R and let P : B ∈
B(R) → P(B) ∈ B(H), with P(∅) = 0; P is a PVM if it has values in the set of
projectors on H and it is strongly σ-additive on disjoint Borel sets.

The spectral theorem can be stated:

Theorem A.5 (Spectral theorem). Let A a self-adjoint operator in a Hilbert space
H. Then it is uniquely associated with a projection-valued measure PA such that{

A =
∫
R ω dPA(ω);

D(A) =
{
ψ ∈ H :

∫
R ω

2 dµψ,A(ω) <∞
}
,

(A.8)

where the first integral is defined in the usual Lebesgue sense, and the measure µψ,A
is defined by µψ,A(B) = 〈ψ|PA(B)ψ〉 for any B ∈ B(R).

Proof. See e.g. [31].

The spectral representation in eq. (A.8) is a generalization of the diago-
nalized form of a symmetric matrix, which can be written as a weighted sum
of projectors. This theorem allows us to define operator-valued functions of
A by {

f(A) =
∫
R f(ω) dPA(ω);

D(f(A)) =
{
ψ ∈ H|

∫
R |f(ω)|2 dµψ,A(ω) <∞

}
.

(A.9)

In particular, given a quantum Hamiltonian system with Hamiltonian H, to
every (pure) state ψ ∈ H the spectral measure µψ,H is associated.
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α-Hölder measures

In this Appendix we introduce α-Hölder measures, studying their funda-
mental properties and proving Strichartz’s theorem. As seen in Chapter 1,
α-Hölder measures play an important role in the study of the large-time be-
havior of quantum systems. This introduction to Hölder measures, as well
as their application to quantum dynamics, is largely inspired by [19].

B.1 Definition and generalities

Definition B.1. Let µ : B(R) → [0,∞] be a σ-finite, regular measure1, and let
α ∈ [0, 1]. µ is a (uniformly) α-Hölder measure if there exists C > 0 so that

∀J ∈ B(R) interval with `(J) < 1 : µ(J) ≤ C[`(J)]α, (B.1)

where ` is the Lebesgue measure.

Explicitly, we must have µ((a, b)) ≤ C|b − a|α for every a, b ∈ R so that
|b − a| < 1. The interest in Hölder measures derives from the fact that, in
some sense that we will soon clarify, varying α such a measure "interpolates"
the characteristics of pure point and continuous measures. Some interesting
properties are listed in the following.

Proposition B.1. Let µ be a α-Hölder measure. Then it is β-Hölder ∀β ∈ [0, α].

Proof. It is a straightforward consequence of the fact that β < α =⇒ xβ < xα

∀x ∈ [0, 1).

Proposition B.2. Let µ be a finite Borel measure. Then it is α-Hölder for α = 0.

Proof. Just take C = µ(R).

As for pure point measures, we could prove by a simple procedure ad
absurdum the following:

Proposition B.3. Let µ be a pure point measure. Then it is not α-Hölder for every
α > 0.

1From now on these conditions on µ will be understood. We also remark that every
spectral measure is in fact finite, so that these conditions are valid a fortiori in the cases we
are interested in.
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Therefore, pure point measures are α-Hölder only for α = 0. On the other
hand,

Proposition B.4. Let µ be an absolute continuous measure with bounded Radon-
Nikodym derivative2. Then it is 1-Hölder and so it is α-Hölder for every α ∈ [0, 1].

Proof. Let f be the Radon-Nikodym derivative of µ with respect to Lebesgue
measure `, bounded by a constant C, and let J any Borel set. Then

µ(J) =

∫
J

f(x) dx < C `(J). (B.4)

This formula holds if J is taken with `(J) < 1, and so µ is 1-Hölder.

As a consequence of the previous proposition, we might say that the class
of finite α-Hölder measures interpolates between pure point measures, for
α = 0, and absolutely continuous measures with bounded spectral densities.
We remark that the finiteness of an absolutely continuous measure µ does
not suffice to make its Radon-Nikodym bounded. As a counterexample, just
consider the function

f : x ∈ R→ f(x) =
1√
x
χ[0,1](x), (B.5)

which is not bounded, but does define a finite Lebesgue-Stieltjes measure
since its singularity is integrable. So we have to require the boundedness of
the derivative even if µ is finite.

B.2 Strichartz’s theorem

A theorem by Strichartz will be studied in this section; some of its corollar-
ies have been recalled in Chapter 1 and play an important role in quantum
dynamics.

Theorem B.5 (Strichartz). Let µ be a finite α-Hölder measure. Then there exists
C > 0 so that

∀f ∈ L2(R, dµ) :
〈
|f̂ |2
〉

(t) <
C‖f‖2

tα
, (B.6)

2It is possible to prove that, given two measures µ, ν, then µ is absolutely continuous with
respect to ν iff there exists a positive, locally integrable function f such that

dµ(x) = f(x) dν(x), (B.2)

that is, for every I ∈ B(R),

µ(I) =

∫
I

f(x) dν(x). (B.3)

f is called Radon-Nikodym derivative and it is often denoted as dµ/dν.
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where f̂ is the Fourier transform3 of f with respect to µ, that is,

f̂(s) =

∫ +∞

−∞
f(x)e−isx dµ(x), (B.7)

‖ · ‖ is the L2(R, dµ) norm and 〈·〉 is the time average.

Proof. Let f ∈ L2(R, dµ). We have〈
|f̂ |2
〉

(t) =
1

t

∫ t

0

|f̂(s)|2 ds ≤ 1

t

∫
R
|f̂(s)|2 ds. (B.8)

Now observe that, for s ∈ [0, t],

e1−s2/t2 ≥ 1, (B.9)

since e > 1; thus we have〈
|f̂ |2
〉

(t) ≤ e

t

∫
R
|f̂(s)|2 e−s2/t2 ds. (B.10)

We could have chosen many other functions, but this is a suitable choice.
Indeed, explicitly〈

|f̂ |2
〉
≤ e

t

∫
R2

f(x)f(y)

[∫
R
e−s

2/t2−is(x−y) ds

]
dµ(x) dµ(y), (B.11)

and the integral in ds is a well-known Gaussian integral, which can be com-
puted: ∫

R
e−s

2/t2−is(x−y) ds =
√
π t e−t

2(x−y)2/4, (B.12)

so that 〈
|f̂ |2
〉
≤ e
√
π

∫
R2

e−t
2(x−y)2/4f(x)f(y) dµ(x) dµ(y). (B.13)

This integral can be interpreted as a scalar product between two functions in
L2(R2, d(µ⊗ µ)); applying Cauchy-Schwarz inequality,〈

|f̂ |2
〉
≤ e

∫
R
|f(x)|2

[∫
R

dµ(y) e−t
2(x−y)2/4

]
dµ(x). (B.14)

In order to find a proper upper bound the integral in y, it is time to invoke
the fact that µ is α-Hölder. For a fixed x ∈ R and t > 0, let us define

In =

{
y ∈ R :

n

t
≤ |x− y| ≤ n+ 1

t

}
, (B.15)

3Since µ is finite, then L2(R,dµ) ⊂ L1(R,dµ) and so every L2 function is Fourier-
transformable even in the classical sense.
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that is, the set of all y ∈ R whose distance from x has a value between n/t
and (n+ 1)/t. Explicitly

In =

(
x− n+ 1

t
, x− n

t

]
∪
[
x+

n

t
, x+

n+ 1

t

)
. (B.16)

Obviously ∪nIn = R and

`(In) =
2

t
, (B.17)

therefore, since µ is α-Hölder, there is C > 0 so that, for t > 2,

µ(In) ≤ C

tα
, (B.18)

which is enough since we are interested in the limit t → ∞. Now, since the
In form a partition of the real line,∫

R
e−t

2(x−y)2/4 dµ(y) =
∑
n∈N

∫
In

e−t
2(x−y)2/4 dµ(y), (B.19)

but in each In we have (x− y)2 ≥ n2/t2 and so∫
R
e−t

2(x−y)2/4 dµ(y) ≤
∑
n∈N

∫
In

e−n
2/4 dµ(y) =

C

tα

∑
n∈N

e−n
2/4. (B.20)

The series in the latter equation converges to a finite positive value and so,
including it in the constant C > 0, we finally have∫

R
e−t

2(x−y)2/4 dµ(y) <
C

tα
(B.21)

and therefore 〈
|f̂ |2
〉
<
C‖f‖2

tα
, (B.22)

which proves our claim.

Notice that the hypothesis of finiteness of µ can be relaxed if we explic-
itly require f ∈ L2(R, dµ) ∩ L1(R, dµ); in that case we only need σ-finiteness,
which is true for every regular measure. We thus obtain a more general ver-
sion of Strichartz’s theorem, which is proven identically.

A straightforward corollary of Strichartz’s theorem can be stated:

Corollary B.1. Let µ be a finite α-Hölder measure and µ̂(t) its Fourier transform.
Then there exists C > 0 so that 〈∣∣µ̂∣∣2〉 (t) ≤ C

tα
. (B.23)

Proof. Apply Strichartz’s theorem to f(x) = 1, which is L2(R, dµ) since µ is
finite, and inglobe the resulting constant in C.
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Therefore Strichartz’s theorem furnishes a necessary condition for a finite
measure to be α-Hölder: the Fourier transform of an α-Hölder measure de-
cays at t→∞ at least with order O(t−α). However, the converse implication
does not hold.

Example. Let β ∈ (1/2, 1) and let µ be the Lebesgue-Stieltjes measure in (0, 1] with
density x−β , that is,

dµ(x) = x−βχ(0,1](x) dx. (B.24)

Then there is α ∈ (0, 1) and C > 0 so that 〈|µ̂|2〉 ≤ Ct−α, but µ is not β-Hölder for
every β > α/2.

Proof. Let us evaluate its Fourier transform:

µ̂(t) =

∫ 1

0

e−itxx−β dx = tβ−1

∫ 1

0

e−iyy−β dy, (B.25)

where a change of variable has been performed in the second equality. Since
the integral converges to a finite value, whose squared absolute value we
denote as C > 0, we have

|µ̂(t)|2 = Ct−α, (B.26)

where α = 2(1 − β). We will now prove that, despite this, µ is not β-Hölder
for any β > α/2. Let us consider any interval Iε = (0, ε) for 0 < ε < 1:

µ(Iε) =

∫ ε

0

x−β dx =
ε1−β

1− β
=

[`(Iε)]
1−β

1− β
, (B.27)

and so, for C = 1/(1− β), we have

µ(Iε) = C[`(Iε)]
α/2. (B.28)

This means that µ cannot be β-Hölder for any β > α/2, since, for β > α/2,
[`(Iε)]

β > [`(Iε)]
α/2 and so the inequality is violated. At the same time, by

the previous equality we can easily prove that µ is α/2-Hölder (and so it is
β-Hölder for β ≤ α/2).

The previous example shows that Strichartz’s theorem does not provide
a sufficient condition for our measure to be α-Hölder. Anyway we can prove
a weaker result. In order to prove it, first we will state a technical lemma.

Lemma B.6. Let µ be a finite Borel measure. Then we have

〈
|µ̂|2
〉
≥ 1

2

∫
R2

dµ(x) dµ(y)
sin2[(x− y)t/2]

[(x− y)t/2]2
. (B.29)

Proof. It follows from a direct calculation of 〈|µ̂|2〉.

Proposition B.7. Let µ be a finite measure, and let us suppose that there is C > 0
so that 〈|µ̂|2〉 (t) ≤ Ct−α. Then µ is a/2-Hölder.

Proof. Let us suppose that µ is not α/2-Hölder. Then there is not any C > 0
so that, for every J subinterval with `(J) < 1, we have µ(I) < C`(J)α/2; that
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is, for every C > 0 we can find an interval J so that `(J) < 1 and µ(J) ≤
C[`(J)]α/2.

As a result, in particular, for every n ∈ N we can find In ⊂ R so that
`(In) < 1 and µ(In) > n[`(In)]α/2. We take our In so that `(In)→ 0 for n→∞.
Define

tn =
π

2 `(In)
; (B.30)

observe that tn → ∞ for n → ∞. If we take x, y ∈ In, we have |x − y|tn/2 ≤
`(In)tn/2 = π/4 and so

sin2[(x− y)tn/2]

[(x− y)tn/2]2
≥ 8

π2
, (B.31)

so that, applying our previous lemma,

〈
|µ̂|2
〉
≥ 1

2

∫
R2

dµ(x) dµ(y)
sin2[(x− y)tn/2]

[(x− y)tn/2]2

≥ 1

2

∫
In×In

dµ(x) dµ(y)
sin2[(x− y)tn/2]

[(x− y)tn/2]2

≥ 4

π2
[µ(In)]2 ≥ 4n2

π2
[`(In)]α = Cnt

−α
n , (B.32)

where Cn is some positive quantity that diverges as n → ∞. At the same
time, for hypothesis there is a constant C > 0 such that〈

|µ̂|2
〉

(tn) ≤ Ct−αn . (B.33)

Thus we should have Cn ≤ C for every n, in contrast with the fact that Cn
diverges at infinity. We have a contradiction and so µ must be α/2-Hölder.

Our previous example shows that this result is optimal, that is, we cannot
prove such a proposition for any β > α/2.



Appendix C

The Fourier-Laplace transform

In this Appendix some basic properties of the Fourier-Laplace transform are
recalled and proven; because of the link between resolvent and evolution
group found in Chapter 1, these are extensively used in the body text. An
extensive reference about the role of Laplace transform in solving differential
equations is [1].

C.1 Definition and generalities

The basic idea at the root of the Laplace transform is to generalize the Fourier
transform, which constitutes a fundamental mathematical tool for solving
many classes of differential equations, to functions f(t) without a finite inte-
gral in R. Here the following convention is used: the Fourier transform of an
integrable function f is

F [f ](ω) =

∫ ∞
−∞

f(ω)eiωt dt, (C.1)

and the inverse Fourier transform of an integrable function f̂ is

F−1[f̂ ](t) =
1

2π

∫ ∞
−∞

f̂(t)e−iωt dω, (C.2)

where the integrals are to be understood in the Lebesgue sense. To han-
dle with non-integrable functions one may insert an exponentially decreas-
ing term e−σt: one obtains a well-defined transformation for a larger class of
functions, paying the price of a complex-valued transformed function.

Definition C.1. Let X a Banach space and f : t ∈ R+ → f(t) ∈ X a locally
integrable function; suppose that there exist α > 0 and C > 0 such that ∀t ∈ R+

‖f(t)‖ ≤ Ceαt; let A(α) = {s ∈ C|<(s) > α}. The (standard) Laplace transform
L[f ](s) = F (s) is defined as follows:

F : s ∈ A(α) ⊂ C→ F (s) =

∫ ∞
0

f(t)e−st dt. (C.3)
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The integral converges for s ∈ A(α) since, fixing s = σ + iω with σ > α,
one has ∫ ∞

0

|f(t)e−st| dt ≤ C

∫ ∞
0

e−(σ−α)t dt =
C

σ − α
< +∞. (C.4)

An useful variant of the standard Laplace transform can be straightforwardly
introduced.

Definition C.2. Let X a Banach space and f : t ∈ R+ → f(t) ∈ X a locally
integrable function; suppose that there exist α > 0 and C > 0 such that ∀t ∈ R+

‖f(t)‖ ≤ Ceαt; let B(α) = {s ∈ C|=(s) > α}. The Fourier-Laplace transform
L[f ](z) = F (z) is defined as follows:

F : z ∈ B(α) ⊂ C→ F (s) =

∫ ∞
0

f(t)eizt dt. (C.5)

The two integral transforms are linked by a rotation in the complex plane;
indeed, by substituting z = is in eq. (C.5), one obtains eq. (C.4); there is no
substantial difference in using one or the other. Since the resolvent operator
and the evolution group associated to an Hamiltonian system are linked by a
Fourier-Laplace transformation, eq. (C.5) will be chosen in the following; no-
tice that one can immediately recover the results obtained with the standard
transform (C.4) through the substitution z = is.

Notice that L[f ](z) is an holomorphic function in the whole B(α), since
eizt is holomorphic, and may be analytically extended to a larger subset of
the complex plane. Also notice that, if f is at most polinomially growing as
t → ∞, one can take α = 0 and therefore the Fourier-Laplace transform is
defined in the whole upper half-plane; in that case, its restriction on the real
axis is the Fourier transform, and the Fourier-Laplace transform is its analytic
continuation to the upper complex half-plane.

As a generalization of the Fourier transform, the Laplace transform allows
to convert differential equations in much simpler algebraic equations. In each
of the following propositions, B is the subset of the upper complex half-plane
in which all the Laplace transforms are defined.

Proposition C.1. Let f : t ∈ R+ → f(t) ∈ X ; fixing an arbitrary a ∈ R+ and
defining fa(t) = f(t− a),

∀z ∈ B : L[fa](z) = eiazL[f ](z). (C.6)

Proof. It follows by an immediate integration:

L[fa](z) =

∫ ∞
0

f(t− a) eizt dt =

∫ ∞
−a

f(t) eiz(t+a) dt

= eiaz
∫ ∞

0

f(t) eizt dt = eiazL[f ](z), (C.7)

where the substitution t′ = t− a has been employed.
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Proposition C.2. Let f : t ∈ R+ → f(t) ∈ X a function with locally integrable
derivative f ′(t). Then

∀z ∈ B : L[f ′](z) = −izL[f ](z)− f(0). (C.8)

Proof. It follows by a straightforward integration by parts:

L[f ′](z) =

∫ ∞
0

f ′(t)eizt dt =

= −iz
∫ ∞

0

f(t)eizt dt− f(0) =

= −izL[f ](z)− f(0). (C.9)

Proposition C.3. Let g : t ∈ R+ → g(t) ∈ X a locally integrable and let f(t) =∫ t
0
g(t′) dt′. Then

∀z ∈ B : L[f ](z) = − 1

iz
L[g](z). (C.10)

Proof. Since f ′ = g and f(0) = 0, the claim follows immediately by prop.
C.2.

Proposition C.4. Let f : t ∈ R+ → f(t) ∈ X , g : t ∈ R+ → g(t) ∈ X locally
integrable, and let f ? g their convolution product:

f ? g : t ∈ R→ (f ? g)(t) =

∫ t

0

f(t− t′)g(t′) dt′. (C.11)

Then
∀z ∈ B : L[f ? g](z) = L[f ](z)L[g](z). (C.12)

Proof. First notice that, since both f and g have nonzero values only for pos-
itive values of their argument, one can also write

(f ? g)(t) =

∫ ∞
0

f(t− t′)g(t′) dt′; (C.13)
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therefore∫ ∞
0

(f ? g)(t)eizt dt =

∫ ∞
0

[∫ ∞
0

f(t− t′)g(t′) dt′
]
eizt dt

=

∫ ∞
0

[∫ ∞
0

f(t− t′)eiz(t−t′) dt

]
g(t′)eizt

′
dt′

=

∫ ∞
0

[∫ ∞
t′

f(t− t′)eiz(t−t′) dt

]
g(t′)eizt

′
dt′

=

∫ ∞
0

[∫ ∞
0

f(t′′)eizt
′′

dt′′
]
g(t′)eizt

′
dt′

=

∫ ∞
0

f(t′′)eizt
′′
dt′′
∫ ∞

0

g(t′)eizt
′
dt′

= L[f ](z)L[g](z). (C.14)

As a result, the derivative, the integral and the convolution are trans-
formed in algebraic operation in the frequency domain. This makes the
Laplace transform a powerful tool for converting difficult integro-differential
equations into algebraic equations; of course, after finding the solution in the
transformed space, one must find the corresponding solution in the time do-
main. This leads to discuss the invertibility of the Laplace transform.

C.2 Invertibility of the Laplace transform

As previously observed, the Laplace transform is obtained by adding an ex-
ponentially decreasing term to the Fourier transform. In other terms, if f
is a locally integrable function and L[f ](z) is the value of its Laplace trans-
form in z ∈ B, then, letting z = ω + iσ, L[f ](ω + iσ) = F [fσ](ω), where
fσ : t ∈ R+ → fσ(t) = f(t)e−σt; on the other hand, the Fourier inversion
theorem states that, whenever an integrable function fσ(t) admits an inte-
grable Fourier transform f̂σ(ω), then the equality fσ = F−1F [fσ], where F−1

is the inverse Fourier transform, holds almost everywhere. Therefore, if this
condition is fulfilled, one obtains

fσ(t) =
1

2π
PV

∫ ∞
−∞
L[f ](ω + iσ)e−iωt dω, (C.15)

and therefore

f(t) =
1

2π
PV

∫ ∞
−∞
L[f ](ω + iσ)e−i(ω+iσ)t dω. (C.16)

This formula holds independently on σ, provided that ω + iσ ∈ B ∀ω ∈ R; if
α is the index of exponential growth of f , it suffices that σ > α. In particular,
if α = 0 (that is, f is at most polinomially increasing) one can take the limit
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σ → 0:
f(t) =

1

2π
lim
σ→0

∫ ∞
−∞
L[f ](ω + iσ)e−i(ω+iσ)t dω. (C.17)

Besides, let Γσ = {z ∈ C|=(z) = σ}; eq. (C.16) can be readily written as

f(t) =
1

2π

∫
Γσ

L[f ](z)e−izt dz, (C.18)

or, with a common notation,

f(t) =
1

2π
PV

∫ iσ+∞

iσ−∞
L[f ](z)e−izt dz. (C.19)

Γσ is usually referred to as a Bromwich integration path, and is chosen in
such a way that every singularity of L[f ](z) (both isolated or not) has smaller
imaginary part than σ. Since the Laplace transform is holomorphic, standard
techniques of complex analysis are available for computing the inverse trans-
form; for instance, if L[f ] has only isolated singularities, one may apply the
residue theorem to evaluate it.

Example. Let ζ ∈ R and f : t ∈ R+ → f(t) = e−iζt with =(ζ) < 0. This function
is bounded in its domain; therefore the Laplace transform can be defined in the whole
upper half-plane C+:

L[f ](z) =

∫ ∞
0

ei(z−ζ)t dt =
i

ζ − z
. (C.20)

Notice that we can readily extend it to a meromorphic function in the whole complex
plane with one pole in the lower half-plane C−. Besides, fixing =(z) to an arbitrary
negative value, one obtains an integrable function of the real part of z; therefore f(t)
must coincide with the inverse Laplace transform of i/(ζ−z). To check this explicitly,
eq. (C.18) can be used:

f(t) =
i

2π
PV

∫ iσ+∞

iσ−∞

e−izt

ζ − z
dz. (C.21)

The residue in ζ is easily calculated: Resf (ζ) = e−iω0t. Following a standard proce-
dure, the integration can be performed as a line integral along a semi-circular path
with radius R in the lower half-plane, and then letting R→∞. This yields

PV

∫ iσ+∞

iσ−∞

e−izt

ζ − z
dz = −2πie−iζ0t, (C.22)

where the minus sign arises from the fact that the contour is oriented clockwise.
Finally,

i

2π
PV

∫ iσ+∞

iσ−∞

e−izt

ζ − z
dz = e−iζt, (C.23)

which is the desired result.



Appendix C. The Fourier-Laplace transform 97

The previous formula is invoked many times in Chapter 5. Indeed, if
H = C⊕L2(R, dµ), f0⊕f ∈ H and H is a (either regular or singular) Friedrichs-
Lee Hamiltonian, by defining

(f0 ⊕ f)(t) = UH(t)(f0 ⊕ f) (C.24)

and
(F0 ⊕ F )(z) = RH(z)(f0 ⊕ f), (C.25)

the discussion in Chapter 1 implies that

(F0 ⊕ F )(z) = iL[f0 ⊕ f ](z), (C.26)

that is, F0(z) = L[f0](z) and F (ω, z) = L[f(ω, ·)](z). On the other hand, for
the singularly coupled Friedrichs-Lee Hamiltonian with Lebesgue measure
and initial state 1⊕ 0, we have

F0(z) =
1

ω0 − z − iγ/2
(C.27)

with γ > 0; this is indeed the function studied in the previous example, with
ζ = ω0 − iγ/2. Therefore

f0(t) = −iL−1[F0](t) = e−(iωS−γ/2)t, (C.28)

yielding the familiar exponential decay for the singularly coupled Friedrichs-
Lee Hamiltonian with Lebesgue measure.



Appendix D

Multiplication operators

In this Appendix a review about the basic properties of multiplication op-
erators, a specific typology of linear operators acting onto L2(R, dµ), is pro-
vided; such a discussion is essential for our purposes, since the expression
of the Friedrichs-Lee Hamiltonian contains the position operator Ω, which is
the multiplication operator associated to the identity function.

D.1 Definition and generalities

Definition D.1. Let u : ω ∈ R→ u(ω) ∈ C a Borel measurable function, and let µ
be a Borel regular measure. The multiplication operator Tu is defined as follows:{

D(Tu) =
{
f ∈ L2(R, dµ) :

∫
R |u(ω)f(ω)|2 dµ(ω) <∞

}
;

Tuf : ω ∈ R→ (Tuf)(ω) = u(ω)f(ω).
(D.1)

Proposition D.1. For every measurable u, Tu is densely defined.

Proof. Let f ∈ L2(R, dµ). Define In = {ω ∈ R : |u(ω)| ≤ n}, ∀n ∈ N, which
is a sequence of measurable sets since f is measurable. Let fn = fχIn .1 By
dominated convergence fn → f ; besides, each fn ∈ D(Tu), since∫

R
|u(ω)fn(ω)|2 dµ(ω) =

∫
In

|u(ω)f(ω)|2 dµ(ω) ≤ n2‖f‖2 <∞, (D.2)

which completes the proof.

Proposition D.2. Tu is a normal operator with T∗u = Tu; besides, Tu is self-adjoint
iff u is a real-valued function.

Proof. Consider the operator Tu, with D(Tu) = D(Tu). Evidently Tu ⊂ T∗u,
since the relation 〈g|Tuf〉 = 〈Tu g|f〉 is trivially satisfied ∀f, g ∈ D(Tu); we
have to show that the converse inequality Tu ⊃ T∗u holds, that is, D(T∗u) ⊂
D(Tu). Let g ∈ D(T∗u); then there exists g̃ ∈ L2(R, dµ) so that, ∀f ∈ D(Tu),
〈g̃|f〉 = 〈g|Tuf〉; this implies

∀f ∈ D(Tu) :

∫
R

[
g̃(ω)− u(ω)g(ω)

]
f(ω) dµ(ω) = 0. (D.3)

1Here and in the following, given B ∈ B(R), χB is the characteristic function of the set B.



Appendix D. Multiplication operators 99

This equation holds for f in a dense subspace ofL2(R, dµ); therefore, through
a density argument we obtain g̃(ω) = u(ω)g(ω). Since g̃ ∈ L2(R, dµ), this
implies g ∈ D(Tu), as desired. Finally, if u is real-valued then T∗u = Tu =
Tu.

We proved that all multiplication operators are normal; actually, they can
be regarded as the "prototype" of normal operators. Indeed, as observed in
Chapter 5, if a given Hamiltonian system admits a cyclic vector then every
normal operator is unitarily equivalent to a multiplication operator, and ev-
ery self-adjoint operator is unitarily equivalent to a real multiplication oper-
ator.

We ask whether multiplication operators admit an inverse and, whenever
it is bounded, what is its norm.

Proposition D.3. Tu has finite operator norm iff u ∈ L∞(R, dµ);2 if so, ‖Tu‖ =
‖u‖∞.

Proof. For an arbitrary f ∈ D(Tu),

‖Tuf‖2 =

∫
R
|u(ω)|2|f(ω)|2 dµ(ω). (D.4)

Suppose that ‖u‖∞ exists finite; then, from the previous relation, ‖Tuf‖ ≤
‖u‖∞‖f‖ and then ‖Tu‖ ≤ ‖u‖∞. To show the converse inequality, notice
that ∀ε > 0 the interval Iε = {ω ∈ R : ‖u‖∞ − ε ≤ |u(ω)| ≤ ‖u‖∞} has
nonzero measure, that is, u assumes values between ‖u‖∞ − ε and ‖u‖∞ in a
set with nonzero measure; since Iε is compact and µ is regular, µ(Iε) is finite.
Therefore

fε =
χIε
‖χIε‖

=
χIε√
µ(Iε)

∈ L2(R, dµ) (D.5)

is therefore correctly defined and has norm ‖fε‖2 = 1. Now we have

‖Tufε‖2 =
1

µ(Iε)

∫
R
|u(ω)|2 |χIε|

2 dµ(ω) =

=
1

µ(Iε)

∫
Iε

|u(ω)|2 dµ(ω) ≥ ‖u‖∞ − ε, (D.6)

where the last inequality arises from the definition of Iε. As a result, for every
ε > 0 it is possible to find a normalized fε so that ‖Tufε‖ ≥ ‖u‖∞ − ε; since
‖fε‖ = 1, this means that, ∀ε > 0, ‖Tu‖ ≥ ‖Tufε‖ ≥ ‖u‖∞ − ε, and therefore
‖Tu‖ ≥ ‖u‖∞. Hence, if u ∈ L∞(R, dµ), then Tu is bounded and ‖Tu‖ = ‖u‖∞.

If u /∈ L∞(R, dµ), then it is easy to show that ‖Tuf‖ can be made arbi-
trarily larger than any fixed real number, and therefore Tu is an unbounded
operator.

2Recall that L∞(R,dµ) is the space of all µ-essentially bounded functions u with norm
‖u‖∞ equal to the essential supremum of u.
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D.2 Invertibility, resolvent and spectrum

Now we examine the inverse of a multiplication operator. Notice that, if u is
measurable and µ-a.e.3 nonzero, then u−1 = 1/u is measurable as well and
defines, in a proper domain, a multiplication operator with domain

D (Tu−1) =

{
f ∈ L2(R, dµ) :

∫
R
|f(ω)|2|u(ω)|−2 dµ(ω)

}
. (D.7)

It is actually easy to determine whether a multiplication operator is invert-
ible:

Proposition D.4. Tu is invertible iff µ{ω ∈ R : u(ω) = 0} = 0, that is, if and only
if u(ω) is µ-almost everywhere nonzero.

Proof. A linear operator is invertible iff its null subspace reduces to the triv-
ial space, that is, if there is not any µ-a.e. nonzero f so that Tuf = 0, or
equivalently that satisfies the equation u(ω)f(ω) = 0 for µ-a.e. every ω ∈ R.
This equation admits µ-a.e. nonzero solutions iff there is a set of nonzero
measure in which u(ω) = 0; therefore, the null space is empty iff u is µ-a.e.
nonzero.

Whenever a multiplication operator is invertible, its inverse is readily
found:

Proposition D.5. If Tu is invertible, then T−1
u = Tu−1 .

Proof. The only nontrivial part of the proof is to show that D(Tu−1) = R(Tu),
when R stands for the range, and vice versa. If f ∈ R(Tu), then there exists
g ∈ D(Tu) so that f(ω) = u(ω)g(ω) and then the action of Tu−1 is well-defined
on f . Conversely, if f ∈ D (Tu−1), then u−1f is square integrable and in fact
it is in the domain of Tu; we can apply Tu to it and we get f , so that f ∈
R (Tu).

As an important corollary,

Proposition D.6. An invertible multiplication operator has dense range.

Proof. Let Tu our multiplication operator. By prop. D.5, its inverse is the
multiplication operator associated with the measurable function u−1 which
is, by prop. D.1, densely defined. Since D(T−1

u ) = R(Tu), the claim is proven.

Finally we briefly examine the spectral properties of multiplication oper-
ators, starting from a sufficient and necessary condition for a z ∈ C to be an
eigenvalue.

Proposition D.7. z ∈ C is an eigenvalue for Tu iff µ{ω ∈ R : u(ω) = z} > 0.
3Here µ-a.e. stands for µ-almost everywhere; a proposition is said to be true µ-almost

everywhere if it is false at most in a set with zero measure µ. Recall that our Lp subspaces
are space of equivalence classes of functions with respect to µ-a.e. equality: if f is nonzero in a
set with null measure, it is identified with the null function.
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Proof. Let Ez = {ω ∈ R : u(ω) = z}. If µ(Ez) > 0, then fz = χEz is an
eigenvector for Tu with eigenvalue z. Conversely, if z is an eigenvalue for Tu,
then there exists some nonzero fz ∈ D(Tu) so that (Tufz)(ω) = u(ω)fz(ω) =
zfz(ω) for µ-a.e. every ω ∈ R, that is, (u(ω)−z)fz(ω) = 0; this implies u(ω) = z
in some set with nonzero measure.

Proposition D.8. z ∈ C is an eigenvalue for Tu iff Tu − z is not invertible.

Proof. It follows from props. D.4 and D.7.

Finally, the resolvent operator, resolvent set and spectrum of Tu are eval-
uated.

Proposition D.9. The spectrum of Tu is its µ-essential range:

σ (Tu) = {z ∈ C|∀ε > 0 : µ (Iu,ε(z)) > 0}, (D.8)

where Iu,ε(z) = {ω ∈ R : |u(ω) − z| < ε}. Furthermore, for z ∈ ρ(A), RTu(z) =
T(u−z)−1 .

Proof. Let z ∈ C and Tu − z = Tu−z. If it is not invertible, by prop. D.8 z
is an eigenvalue and therefore z ∈ σ(Tu). If it is invertible, by prop. D.5
T−1
u−z = T(u−z)−1 ; in this case z ∈ ρ(Tu) iff T−1

u−z is bounded, that is, by prop.
D.3, iff 1/(u(ω) − z) is essentially bounded, that is, iff there exists C > 0 so
that

µ
{
ω ∈ R

∣∣∣|u(ω)− z|−1 > C
}

= 0, (D.9)

and equivalently, renaming ε = 1/C, if there exists ε > 0 so that

µ
{
ω ∈ R

∣∣∣|u(ω)− z| < ε
}

= 0, (D.10)

that is, µ (Iu,ε(z)) = 0; this proves the first claim. The second follows readily
from prop. D.5.

Hence the spectrum of a multiplication operator is the set of all z ∈ C
such that u(ω) assumes values in arbitrarily small neighborhoods of z in sets
with nonzero measure; in particular, if u is piecewise continuous, it simply
coincides with its range. Furthermore, its eigenvalues (if any) are those z ∈ C
for which u(ω) = z itself in a set with nonzero measure.

Finally, the spectral representation of multiplication operators is readily
obtained:

Proposition D.10. Let PΩ : B ∈ B(R) → PΩ(B) = TχB , the multiplication
operator associated with the characteristic function χB. Then PΩ is a projection-
valued measure and

Tu =

∫
R
u(ω) dPΩ(ω) (D.11)

for every measurable u,

Proof. It is immediate to prove that PΩ is a projection-valued measure; to
show that eq. (D.11) holds, just notice that every measurable u can be ob-
tained as limit of a sequence of simple functions, for which eq. (D.11) holds,
as an easy calculation shows. A density argument completes the proof.



Appendix E

Herglotz functions and the Borel
transform

In this Appendix we review some generalities about the so-called Herglotz
functions, a category of complex functions which we have encountered in
Chapter 3 when calculating the resolvent of the Friedrichs-Lee Hamiltonian.
Herglotz functions are strictly linked to the so-called Borel transform of a
finite Borel measure; we will study this link and notice that the self-energy
is itself the Borel transform of a specific measure. For a more complete albeit
schematic introduction to Herglotz functions the reader may refer to [30] or
[31].

E.1 Borel transform of a finite measure

Let H be a self-adjoint operator in a Hilbert space H, and let ψ ∈ H. Let RH(z)
be its resolvent; by the spectral theorem we have, for z ∈ C\R,

〈ψ|RH(z)ψ〉 =

∫
R

1

ω − z
dµψ,H(ω), (E.1)

where µψ is the spectral measure associated to ψ, and is a finite Borel measure
with µψ(R) = ‖ψ‖2. It will be interesting to study the fundamental properties
of such functions.

Definition E.1. Let µ be a finite Borel measure on the real line. The complex func-
tion

Bµ : z ∈ C\R→ Bµ(z) =

∫
R

1

ω − z
dµ(ω) (E.2)

is called the Borel (or Stieltjes) transform of µ.

We remark that, since µ is finite and 1/(ω − z) is bounded for nonreal z,
Bµ is holomorphic in its domain. In fact, it is straightforward to prove that

Proposition E.1. The Borel transform of a finite measure satisfies the following
estimate:

|Bµ(z)| ≤ µ(R)

|=(z)|
. (E.3)

Proof. We have |ω − z|2 = (ω − <(z))2 + (=(z))2 ≥ (=(z))2, henceforth the
claim.
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It is also straightforward to prove that, since we are integrating on the
real line and µ is a real measure, for every z ∈ C\R: Bµ(z) = Bµ(z). A crucial
property of Borel transforms follows:

Proposition E.2. Bµ maps C+ into C+ and C− into C−.

Proof. We have

= (Bµ(z)) =

∫
R
=
(

1

ω − z

)
dµ(ω) =

= =(z)

∫
R

1

(ω −<(z))2 + (=(z))2
dµ(ω), (E.4)

and the claim follows from the positivity of the integral.

Notice that the self-energy of a regularly coupled Friedrichs-Lee Hamil-
tonian:

Sg(z) =

∫
R

|g(ω)|2

ω − z
dµ(ω) (E.5)

is itself the Borel transform of the measure characterized by

dµ̃(ω) = |g(ω)|2 dµ(ω). (E.6)

E.2 Herglotz functions and Stieltjes’ formula

From Appendix B it is known that every self-adjoint operator H on a Hilbert
space H defines a family of finite Borel measures {µψ,H}ψ∈H, each admitting its
Borel transform; if we want to take the reverse path (which is indeed crucial
for proving the spectral theorem A.5), we need to find under what conditions
a complex function with domain in C\R is the Borel transform of some finite
Borel measure. As it turns out, the previously obtained properties are exactly
what we need for this purpose.

Definition E.2. Let B : z ∈ C\R→ C a holomorphic complex function. It is called
a Herglotz (or Nevanlinna) function if it maps C+ into itself and C− into itself.

Notice that, if we consider some holomorphic f : z ∈ C+ → C+, we can
extend it to a Herlglotz function by defining, for every z ∈ C+, f(z) = f(z).
Indeed, the Borel transform of a real measure satisfies such a property.

Now, the Borel transform of every finite positive regular Borel measure is
a Herglotz function satisfying the previously proven estimate. It is remark-
able that the converse is also true.

Theorem E.3. Let f be a Herglotz function and let M > 0 so that

∀z ∈ C\R : |f(z)| ≤ M

|=(z)|
. (E.7)

Then there exists a unique finite positive regular Borel measure, with µ(R) ≤ M ,
whose Borel transform is f .
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Proof. See e.g. [31].

Therefore, every Herglotz function f satisfying the previous inequality is
the Borel transform of some finite regular Borel measure; obviously, to make
this result useful, we need an inversion formula that allows to find the unique
measure µ such that f = Bµ.

Theorem E.4 (Stieltjes inversion formula). Let f be a Herglotz function with
|f(z)| ≤ M/|=(z)| for some M > 0. Then it is the Borel transform of a Borel
measure µ defined through the following expressions:

∀a, b ∈ R, a < b :
1

2
µ({a}) + µ((a, b)) +

1

2
µ({b}) =

1

π
lim
ε→0+

∫ b

a

=(f(ω + iε)) dω

(E.8)
and

∀a ∈ R : µ({a}) = −i lim
ε→0+

ε f(a+ iε). (E.9)

Proof. Before undertaking the proof, first notice that the previous expressions
uniquely define a measure µ acting on Borel set. Indeed, the Borel σ-algebra
is generated by intervals, thus it suffices to find how µ acts on intervals; in
fact, by plugging the second equality in the first one we can find the measure
of every open interval; this determines uniquely µ.

Now, prop. E.3 implies that there exists a unique µwhose Borel transform
is f :

f(z) =

∫
R

1

ω − z
dµ(ω), (E.10)

and therefore, for any z = a+ iε,

− iε f(a+ iε) =

∫
R

−iε
ω − a− iε

dµ(ω). (E.11)

It is easy to prove that

lim
ε→0+

−iε
ω − a− iε

= χ{a}(ω) =

{
1, ω = a;

0, ω 6= a,
(E.12)

because for ω = a this function is 1 for every ε > 0, whilst for ω 6= a it
obviously converges to 0 as ε → 0. Since the integrand is bounded and µ is
finite, applying dominated convergence we get

− i lim
ε→0+

εf(a+ iε) =

∫
R
χ{a}(ω) dµ(ω) = µ({a}). (E.13)

This proves the second equality. As for the first one, we have∫ b

a

=(f(ω + iε)) dω =

∫ b

a

dω

∫
R

dµ(ω′) =
(

1

ω′ − ω − iε

)
=

∫ b

a

dω

∫
R

dµ(ω′)
ε

(ω′ − ω)2 + ε2
, (E.14)
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and applying Fubini’s theorem this equals∫
R

dµ(ω′)

∫ b

a

dω
ε

(ω′ − ω)2 + ε2

=

∫
R

(
arctan

(
ω′ − a
ε

)
− arctan

(
ω′ − b
ε

))
dµ(ω′). (E.15)

Again, we will apply dominated convergence. We have

lim
ε→0+

arctan

(
ω′ − a
ε

)
=


π/2, ω′ > a;

0, ω′ = a;

−π/2, ω′ < a,

=
π

2
χ(a,+∞)(ω

′)− π

2
χ(−∞,a)(ω

′)

(E.16)
so that

lim
ε→0+

∫
R

arctan

(
ω′ − a
ε

)
dµ(ω′) =

π

2
[µ((a,+∞))− µ((−∞, a))] (E.17)

and therefore

lim
ε→0+

∫
R

(
arctan

(
ω′ − a
ε

)
− arctan

(
ω′ − b
ε

))
dµ(ω′)

=
π

2
[µ((a,+∞))− µ((−∞, a))− µ((b,+∞)) + µ((−∞, b))]

=
π

2
[µ((a, b] + µ([a, b))] =

π

2
[µ({a}) + 2µ((a, b)) + µ({b})] , (E.18)

henceforth the claim.



Appendix F

Gelfand triples

In this Appendix a rigged version of Hilbert spaces, namely the Gelfand
triples, will be defined; it offers a rigorous framework for the formal calcu-
lation of physicists involving bras and kets. As we have shown, the singular
coupling limit arises in a natural way through Gelfand triples. A more ex-
haustive introduction to Gelfand triples can be found in [21].

Let H be a Hilbert space, and let H′ be the space of all continuous (and
therefore bounded) linear functionals on H. To every f ∈ H we can associate
the linear functional 〈f |·〉, where

〈f |·〉 : g ∈ H→ 〈f |g〉 ∈ C, (F.1)

which is clearly bounded with ‖ 〈f |·〉 ‖ = ‖f‖; notice that the correspondence
f → 〈f |·〉 is antilinear. By Riesz theorem it is known that the converse is also
true, and therefore H and H′ are naturally anti-isomorphic.

At the same time, let H× be the space of all continuous antilinear func-
tionals on H. Again, to every f ∈ H we can associate the bounded antilinear
functional 〈·|f〉, with

〈·|f〉 : g ∈ H→ 〈g|f〉 ∈ C, (F.2)

where the correspondence f → 〈·|f〉 is linear; an analogous argument to the
Riesz theorem shows that the converse is also true, and therefore H and H×

are naturally isomorphic.
Following this discussion, in the bra-ket formalism the generic element of

H (ket) is written as |f〉 and the generic element of H′ (bra) is written as 〈f |;
besides, since the isomorphism between H and H× is linear, they are identi-
fied. Now, the basic idea at the root of Gelfand triples is to enlarge the spaces
of linear and antilinear functional by requiring continuity not onto the whole
H, but rather onto some fixed dense subspace of it.

Definition F.1. Let H a Hilbert space and K ⊂ H a dense subspace of it. The normed
space of continuous linear over K is the (continuous) dual space of K and is denoted as
K′; the space of continuous antilinear functionals over K is the (continuous) antidual
space of K and is denoted as K×.

It is obvious that, since K ⊂ H, then H′ ⊂ K′ and H× ⊂ K×; indeed,
a continuous functional acting over H is a fortiori defined and continuous
over its subspace K. Besides, since H and H× can be identified, up to an
isomorphism one has K ⊂ H ⊂ K×. Therefore, K× is a normed vector space
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which H is embedded in; in other words, it can be regarded as an extension
of H containing antilinear functionals that do not admit a representation as
proper vectors in H, but nevertheless continuous on a dense subspace of it.

Definition F.2. Let K be a dense subspace of H. The triple (K,H,K×) is called a
Gelfand triple.

The Gelfand triple formalism allows to define rigorously "generalized
vectors" |f〉 not corresponding to any vector f in H, that arise in many heuris-
tic manipulations, for instance when studying sequences of functions in some
vector space that approach, in some sense, a function not belonging to it.

Example. Let H = L2(R), and f ∈ L1
loc(R).1 Let K = D(R) the space of test

functions (smooth and with compact support). The following expressions:

If : φ ∈ D(R)→ If [φ] =

∫
R
f(ω)φ(ω) dω; (F.3)

I∗f : φ ∈ D(R)→ I∗f [φ] =

∫
R
f(ω)φ(ω) dω, (F.4)

define two continuous functionals (respectively, linear and antilinear) on D(R),
which is dense in L2(R). Using the bra-ket notation, we will write If = 〈f | and
I∗f = |f〉, with If [φ] ≡ 〈f |φ〉 and I∗f [φ] = 〈φ|f〉. 〈f | is also called a distribution.

In particular, the constant function 1 is in L1
loc(R), and therefore we can define

〈1| and |1〉.

Notice that the choice of K and K′ is not unique; one could choose a
"larger" subspace K, paying the price of "smaller" bra and ket spaces K′ and
K×. For instance, if Fourier transformation has to be performed, it is useful
to enlarge our dense subspace D(R) to the space of Schwartz functions S(R);
its dual space will be the space of tempered distributions.

This formalism also allows us to define generalized eigenvectors; a very
common case is examined.

Example. Let H = L2(R) and let Ω : D(Ω) → H the multiplication operator
defined in eq. (3.1), where µ is taken as the Lebesgue measure. Prop. 3.3 implies
that, in this case, Ω does not admit any eigenvector; however, given ω0 ∈ R, one can
consider the Dirac delta antilinear functional |δω0〉, defined as follows:

|δω0〉 : φ ∈ D(Ω)→ 〈φ|δω0〉 = φ(ω0). (F.5)

It can be easily shown that Ω |δω0〉 = ω0 |δω0〉, where Ω |δω0〉 is the composition of the
operator Ω and the functional |δω0〉. Indeed, given φ ∈ D(Ω),

(〈φ|Ω) |δω0〉 = 〈Ωφ|δω0〉 = ω0 φ(ω0) = ω0 〈φ|δω0〉 , (F.6)

and therefore |δω0〉 behaves as a generalized eigenvector for Ω; this hold ∀ω0 ∈ R.

1A function f is said to be locally integrable if, ∀K ⊂ R compact real set, fχK ∈ L1(R);
∀p ≥ 1, Lp(R) is the space of all functions so that |f |p is locally integrable.
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Recall that, according to the axioms of quantum mechanics, the physi-
cal states in which a system can be prepared are the (equivalence classes of)
elements in H; therefore, in a Gelfand triple (K,H,K×), bras and kets not be-
longing to H do not admit any probabilistic interpretation; if H = L2(R), this
is indeed the case for both |1〉 and |δω0〉. Since, however, H is dense in K× with
respect to weak topology, such "unphysical" states can always be obtained as
the weak limit of a suitable succession of physical states.
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